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Abstract

We study cooperative multi-agent reinforcement learning (MARL) problems in
which agents evolve under decoupled noisy dynamics but share a population
objective. A canonical example is a mobility operator that orchestrates a fleet of
vehicles to meet customer demand. The stochastic and time-varying nature of these
problems calls for learning approaches, yet existing MARL algorithms do not scale:
learning assignment and routing jointly over the full state-action space becomes
prohibitive as the number of agents grows. Formulating the problem on the space
of probability measures, we prove a separation principle: the population cost-to-go
function is upper bounded by an optimal transport problem whose transportation
cost is the target-conditioned single-agent cost-to-go function. This simplifies the
multi-agent problem to learning a single-agent policy and coordinating the agents
via optimal transport. Building on this principle, we introduce SALT (Separation-
based Assignment and Learning via optimal Transport), a family of algorithms that
learn a target-conditioned single-agent policy using any standard reinforcement
learning algorithm, and then coordinate the agents via optimal transport. Since
learning occurs at the single-agent level, SALT scales to fleet sizes where MARL
baselines become intractable and transfers without retraining to fleet sizes unseen
during training. In a vehicle-delivery experiment on the southern Manhattan road
network, where MARL baselines are computationally prohibitive, SALT improves
travel time by 15-21% over a shortest-path routing heuristic. In stochastic grid
worlds, SALT reduces average travel times by 23-61% relative to MARL baselines
and scales to population sizes where these methods fail.

1 Introduction

Consider a fleet of autonomous vehicles serving delivery requests in a city. At each decision time,
the operator must simultaneously decide which vehicle should serve which request and how each
vehicle should navigate to its assigned destination. These decisions are tightly coupled. The best
assignment depends on how long each vehicle will actually take to reach each target, while routing
itself depends on the assignment. Assignments based only on nominal shortest paths can therefore be
poor when travel times depend on traffic lights, congestion, and random delays. Yet solving this full
joint assignment-routing problem over the fleet quickly becomes computationally prohibitive. Beyond
delivery fleets, the same structure arises across a wide range of cooperative systems: inspection
drones achieving coverage patterns [1], warehouse robots repositioning to incoming orders [2],
emergency response units relocating to optimal positions [3], ride-hailing platforms balancing supply
and demand [4], and electric-vehicle fleets sharing charging infrastructure [5]. In all these settings,
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Figure 1: Overview of SALT. (1) Cooperative MARL learns a joint fleet policy and scales poorly
with N. (2) Formulating the problem over probability measures replaces agent labels with an
empirical population g, and target distribution v/, but remains intractable. (3) The separation principle
decouples assignment from routing, upper bounding the population cost-to-go by an optimal transport
assignment with cost j(s, z). SALT assigns targets through this optimal transport problem and routes
agents with a shared single-agent policy 7, yielding scalable and sample-efficient learning.

the goal is to optimally coordinate a fleet of decoupled agents so that their collective terminal state
matches or approximates a target configuration, such as uniform coverage, a set of delivery locations,
or a demand-weighted positioning pattern. These problems are typically solved in a receding-horizon
fashion to account for changing conditions and request patterns and, thus, require modular approaches
that generalize to different fleet sizes or target distributions.

A natural learning-based approach is multi-agent reinforcement learning (MARL) [6-9], often with
centralized training and decentralized execution. Representative approaches include policy-gradient
methods such as MAPPO [10] and MADDPG [11] and value-decomposition methods such as VDN
[12], QMIX [13], and QPLEX [14]. Although effective in many settings [15, 16], these methods
learn over a joint state-action space, whose size grows exponentially with the number of agents.
Their learning complexity therefore grows prohibitively [17], limiting scalability and generalization
to unseen fleet sizes. Value-decomposition methods gain tractability by imposing architectural
assumptions on the joint value function, such as additivity or monotonicity, which are provably
too restrictive even for simple coordination tasks [18, 13]. Mean-field RL [19, 20] instead replaces
pairwise interactions with an aggregate representation of the population. Although practical in
large systems [4, 21], its approximations can lose fidelity when modeling finite populations [22]. A
separate line of work addresses fleet assignment and routing through combinatorial solvers [23, 24]
or attention-based routing heuristics [25], but generally does not couple assignment with stochastic
control costs. Consequently, assignments may favor targets that “look close” but are expensive to
reach in expectation. Closer to our motivation, some methods learn latent subtasks and dynamically
assign them among agents [26]. Such a decomposition must be learned in general cooperative MARL
settings. We instead study a structured subclass with decoupled agent dynamics and a terminal
optimal-transport formation cost, in which the assignment-routing separation can be exploited directly
for scalability and retraining-free transfer.

In this work, we seek a principled separation of population-level assignment and single-agent control
(Figure 1). Inspired by the “deterministic” separation principle for multi-agent control in [27], we
formulate the cooperative MARL problem as an optimal control problem over the space of probability
measures where terminal deviation from a desired target measure is quantified through an optimal
transport cost. By construction, this representation is permutation invariant and can capture both
finite populations (as empirical measures) and a continuum of agents (as continuous measures). In
the deterministic setting, Terpin et al. [27] shows that the population cost-to-go is exactly an optimal
transport cost whose transportation cost is the single-agent cost-to-go, thus separating assignment
from single-agent control. This equality does not extend directly to the stochastic setting, where
the population measure is random and future assignments can adapt to realized noise. Nevertheless,
we show that a carefully designed separation principle, where noise is “averaged out”, continues
to upper bound the population cost-to-go. This analysis is non-trivial: in the stochastic setting,
the randomness of the population measure requires handling probability measures over probability
measures, a modeling challenge in itself, compounded by delicate measurability issues. Finally,
Terpin et al. [27] provides a purely theoretical analysis, whereas we leverage our separation principle
to design scalable algorithms for MARL.



Contributions. Our contributions are as follows:

1. We cast the cooperative multi-agent control problem with homogeneous agents, decoupled
stochastic dynamics, and a terminal optimal-transport formation cost as an optimal control
problem over probability measures in the spirit of [27]. This way, we do not need to artificially
label the agents, the formalization is naturally invariant to permutations of agents, and applies to
both finite populations and a continuum of agents.

2. We prove a separation principle for this optimal control problem (Theorem 3.1, Part I). The
population cost-to-go is upper bounded by an optimal transport problem whose transportation cost
is the target-conditioned single-agent cost-to-go. This separates target allocation from routing,
which can be solved independently of the fleet size. The upper bound becomes exact in the
deterministic setting, recovering [27, Corollary 4.2]. We then quantify the stochastic separa-
tion gap (Theorem D.4), and bound the loss of optimality under weak population interactions
(Theorem E.6). Importantly, our proof is constructive and yields an implementable policy.

3. This separation yields SALT, a family of MARL algorithms that learn a shared target-conditioned
single-agent policy and coordinate agents via optimal transport. SALT is agnostic to the choice
of the single-agent algorithm and generalizes to population sizes not seen during training.

4. We validate SALT on a time-varying southern Manhattan road network with 2087 intersections
and 4255 directed roads. SALT trained with NV = 20 vehicles transfers without retraining to
fleets of 1-100 vehicles and reduces travel time by 15-21% relative to a nominal shortest-path
heuristic. In controlled stochastic grid worlds, the variants SALT reduce the average travel time
by 23-61% relative to the standard MARL baselines, consistently across different single-agent
RL algorithms. Additionally, SALT improves sample efficiency: with PPO [28], it reaches the
same reach-rate milestones as MAPPO with up to 480 fewer environment interactions, and
scales to N = 128, while MAPPO fails at N = 8 under the configured 2 x 10%-interaction
budget.

Notation. We work with Polish spaces, Borel functions, and Borel probability measures. For a
Polish space X, P(X) denotes the space of probability measures on X . We write 4, for the Dirac
measure at x € X. The projection from X x Y onto X is denoted by projﬁxy. For 1 € P(X) and
T: X — Y, the pushforward of x through 7', Ty € P(Y), is defined by T p(B) = p(T~(B))
for all Borel sets B C Y. A coupling between the probability measures x € P(X) and v € P(Y) is
a joint probability measure with marginals p and v; the set of couplings between p and v is I'(u, v).
For a nonnegative cost c: X x Y — R, the optimal transport cost between f and v is

Kle](p,v) = inf / c(x,y)dy(z,y).
veT (1) J x xY

Ifk: X — P(Y) is a Markov kernel, p ® k denotes the induced joint law on X X Y. In particular,

if m(da, dy) = p(dz)k(z; dy) is a disintegration, we write 7 = pu ® k.

2 Problem setting

We consider cooperative MARL problems in which N homogeneous agents coordinate to reach a
desired configuration over a finite horizon 7', while incurring agent-level stage costs and a population-
level terminal cost. Let S, A, W, and Z denote the state, action, noise, and target spaces. While
Z = S for canonical target matching, we keep Z distinct to account for lower-dimensional targets or
task-level descriptors, such as destinations when the state also includes velocity or battery level.

2.1 Agent-based formulation

Each agent ¢ has state s; € S and chooses action a; € A. Its noisy dynamics are s, = fi(s}, aj, wy),
where w ~ &(-|si,al) and & (- | si,al) € P(W) gives the conditional law of the noise affecting
an agent in state s taking action a. We consider three noise models, which differ in how noise is
correlated across agents: individual noise, where noise is sampled independently across agents; local
noise, where agents with the same state-action pair share the same noise realization; and global
noise, where all agents share a common noise realization. Their formal definitions can be found in
Appendix A. Let s; == (s},...,s)) and a; := (a},...,al) denote the ordered agents’ states and
actions. The control cost results from the sum of agent-level stage costs g;: S X A x W — Rxg



and a population-level terminal formation cost. The terminal cost compares the final population
distribution up = % sz\; 65% to a target configuration v € P(Z) through the optimal transport cost

Klorlprv) = _int [ gr(s,2)da(s.2) n
vel(ur,v) Jsxz
where gr : S x Z — R is the transportation cost. For gr(s,z) = [|s — z||P with p > 1,

Klgr](ur,v) is the p-th power of the type-p Wasserstein distance. Since this is a fully observed
cooperative MARL problem, it can be cast as a multi-agent Markov decision process (MDP) [29],
which reduces to a standard single-agent MDP over the joint action space. By standard MDP theory
[30, 31], we can restrict attention, without loss of optimality, to deterministic Markov policies
= (Wt)tT;Ol, taken to be universally measurable on general Borel state and action spaces [31, Ch. §].
We denote this class by II and assume throughout that the noise is independent across time steps.

Problem 1. Given initial states 3o = (33, . . .,5)) and a target distribution v, learn a policy
m € Il minimizing the expected cumulative cost

JN(30,v) :;2% E (=1 ZZ (¢, al, wi) + Klgr](pr,v)

=1 t=0

s.t. 5t+1 = ft(st7at7 Z) S0 = S0-

2.2 Population-based formulation

We generalize Problem 1 at the population level by replacing the ordered state s, with the empirical
measure (i, = 25\7:1 b5 € P(S), which discards agent labels and makes the permutation invari-

ance in the problem explicit. We initially allow general population states iy € P(.S) and we will later
specialize this formulation back to the finite-agent setting.

Population control. A population-level control must specify how the mass at each state is split among

actions. Such a control is a state-action distribution A, = \,(p;) € P(S x A) whose S-marginal is

the current population state: (proﬁ“‘) X = 1. Let

M(u) ={N e P(S x A): (prOJgXA) A=}

denote the set of admissible state-action distributions at population state ;. For example, if all agents
follow a common deterministic policy 7;: S — A, then A, = (Idg, ) 4 He, that is, each unit of

mass at state s is placed at the state-action pair (s, m¢(s)).

Noise and population dynamics. When dynamics are deterministic, the next population state is the
pushforward of 4 under the dynamics, i.e., piz4+1 = firy ;. The stochastic case instead requires more
care, as the transition also depends on the specific noise realizations across the population. In the
agent-based formulation, each agent i draws w} ~ & (- | si, a!) and transitions to f;(s?, al, wi). At
the population level, these individual state-action dependent noise draws cannot simply be replaced
by their underlying distribution &;(- | s, ). Indeed, the next population state depends on the collection
of noise draws actually realized across all agents, which is itself a random object. We therefore
represent the realized noise draws at each state-action pair by a state-action dependent empirical

. . . . ~S ) a . . . ~S 70’ . . .
noise distribution §, € P(W). The distinction between & (- | s,a) and &, is crucial: the former is
the single-agent noise law, while the latter collects the noise realizations that drive the population

.. . . .. ~8,a . .
transition. Collecting the realized empirical kernels £, across all state-action pairs, we define the

joint state-action-noise distribution p, = A\, ® é: “ e P(S x A x W), recording exactly the fraction
of the population experiencing each triple (s, a,w). The population distribution (; then evolves
according to the pushforward of p, under the dynamics ft, so that p+1 = fiup;-

Example 2.1. Consider three agents with state-action distribution A\, = %5(07(1) + %5(17(1), i.e., two
agents are in state 0 and use action a, one agent is in state 1 and uses action a. Assume that the
agents are subject to individual noise and that the noise realizations for the two agents at (0, a) are 0

~0, A1,
and 1, while the noise realization for the agent at (1,a) is 1. Then, £, ‘= 160+ 301 and &, ‘=
Accordingly, the state-action-noise distribution is p, = A\, ® éja = %5(0@)0) + %5(0%1) + %5(1},1)1)
and the next population distribution is pi411 = (ft)#pt = %5ft(0,a,0) + %5]%(07&71) + %5ft(1,a,1)-



Cost. As L3N gi(si,ab,wi) = [q, 4w 9¢(5,a,w)dp,(s,a,w), the cost of a given control
_ (T
A= (M=o is

T-1
T o, v) = Eg,)r-1 Z/ gt(s, a,w)dp, (s, a,w) + Klgr](ur,v)| ,
P01 D0 /S xAxXW

where é = (éf ’a)(s,a)e sx A collects all realized noise kernels at time ¢. The expectation is then taken
over the randomness of these profiles. This keeps finite-population fluctuations and noise correlations
explicit while reducing the population-level randomness to the single object é +- We refer the reader
to Appendix A for additional details and explicit construction in canonical noise models. Since
is random for t > 1, an admissible population control is a sequence of (universally measurable)

feedback maps i — A, (1) € M(p), applied before &, is realized. We write A, for A, (j).

Problem 2. Given an initial population distribution [i, find an admissible population control
(\)i=o! that minimizes the expected cumulative cost

=il

J(ﬂo, V) = inf Eqg r / gt(sva7w)dp (Sa avw) + K[QT](MTD V)
OV ris ()= ; SXAXW K

st po=fo,  per1 = figpy  PrOJg A = =M\ ®E

The population formulation removes the artificial labels from the state description and generalizes
Problem 1. Indeed, any finite-agent policy induces an empirical state-action distribution A\, =

% Zfil 6(5;(1;:) € M (uy), thus every policy admissible for Problem 1 is feasible in Problem 2 and

J(fio,v) < JN(80,v). The converse inequality does not hold in general. Problem 2 allows for
arbitrary population state-action distributions, which may split mass in ways that are not realizable
by N agents. However, we show in Corollary 3.3 that, for empirical target distributions "V (i.e.,
N targets with equal mass), the separation bound derived for Problem 2 directly upper bounds the
agent-based cost-to-go JV (59, "), yielding a deployable policy for Problem 1.

3 Separation principle

In this section, we prove a separation principle for Problem 2, showing that the population cost-to-go
function separates into optimal single-agent control toward a target and optimal target assignment
across the population; see Theorem 3.1 below. We then specialize the result to the finite-agent value
J™ of Problem 1 and obtain a deployable policy that we use in Section 4 for algorithm design.

Target-conditioned single-agent problem. Fix a target z € Z. For an agent in state s € S' at time ¢,
define j; (s, z) as the optimal cost-to-go for reaching z over the remaining horizon:

T-1
j = inf E - T\, Uy, Wr P 5
Ji(s, 2) (wil)lf;f (ws)T=} Tz::t 97 (87,07, wr) + gr(sT, 2) )

s.t. St =S, Sr41 = fT(ST7 a-,—,w-,—), Wr ~ €T( | Sty a‘r)~

This is a standard single-agent stochastic optimal control problem, whose complexity is independent
of the population size N. Its Bellman recursion is

Je(st,2) = aiIéfA B, [gt(st, as, we) + Jev1 (fe(st,ae,we), 2)],  jr(sr,2) = gr(sr,2). (3)

A separation principle. For y; € P(5), let J;(u+, ) denote the optimal expected cost at time ¢,
when the population ; aims to match the target distribution v. Att =T, Jr(u,v) = Klgr] (g, v).
Fix t < T. Since P(5) is a Polish space whenever S is Polish [32, Theorem 15.15], the cost is
additive over time, and the population dynamics are Markovian, standard dynamic programming
yields the population-level Bellman recursion [31, Ch. §]

Jt(.ut? V) = Ateif\r}féut)]Em |:/S’><A><Wgt(s’ a7w) dpt(57a’w) + Jt+1(ft#pta V) . 4)



Theorem 3.1 (Separation principle, Part I: upper bound for the population cost-to-go). Consider
Problem 2. Forall t € {0, ..., T}, the population cost-to-go function (4) is upper bounded by
an optimal transport problem whose transportation cost is the single-agent cost-to-go function

Jein (2):
il v) < Kljel(ue,v) = _inf /S je(s, 2)d(s, 2). 5)
X Z

YEL (pt,v)
In particular, combined with the admissible control constructed in Part II below, the same upper
bound holds for the optimal cost J(fig, V) of Problem 2.

Discussion. The upper bound (5) separates the stochastic population control problem into target-
conditioned single-agent control and population-level assignment, in which j; serves as the transport
cost. This separation generally comes at the price of an inequality because the two problems account
for future noise differently. In the optimal transport cost, [j](p+, V), mass is assigned to targets
based on j;(s, z), which averages over future noise realizations. By contrast, the Bellman recur-
sion (4) evaluates the remaining cost J; 41 ( Ttuprs v) at the realized future population Jtypy, allowing
the population-level assignment to adapt to the observed transition. The resulting minimization and
expectation do not commute, which is the cause of the inequality (5). At the same time, averaging
over the noise is necessary for a meaningful separation, since it preserves the structure of a standard
stochastic optimal control problem in (2). Appendix D quantifies the tightness of this inequality.
If j-41 is Lr41-Lipschitz in the state, the separation gap K[j:](us, v) — Je(ue, v) is bounded by
Zf;tl L,11D,, where D is the worst-case expected distance between two conditionally indepen-
dent next states generated from the same state-action pair. The gap therefore depends linearly on the
dispersion, and vanishes whenever dynamics are deterministic. Under deterministic dynamics, the
next population state is fully determined by (1, A, ), the expectation in (4) disappears, and the upper
bound in Theorem 3.1, Part I becomes exact, recovering the deterministic separation of [27].

Corollary 3.2 (Exact separation in the deterministic setting [27, Corollary 4.2]). When the
dynamics are deterministic, the population cost-to-go function (4) is an optimal transport cost
with the single-agent cost-to-go function as its transportation cost:

Ji(pe,v) = inf / Ji(s, 2)dv(s, 2).
YEL (e,v) JSx z

From a bound to a policy. For any £ > 0, Theorem 3.1, Part II constructs an explicit population-level
control (A\f)7-' whose cost exceeds the bound of at most . Here, J* (jio, ) denotes the expected

cumulative cost of Problem 2 when the population follows the control (\,)7".

Theorem 3.1 continued (Separation principle, Part II: constructive separation-based control).
For every € > 0 and each time step t, let v; € I'(j,v) be an sx-optimal coupling for
the transport problem Kl[ji|(js,v) and let a5 : S x Z — A be an x-optimal single-agent
action for the Bellman recursion (3); such choices exist and can be made measurably in

the population state (see Appendix C). Define the separation-based state-action distribution
X = (projgxz,af)#'yf. Then,

P o)< int [ ol s, +e.
YET (Fo,v) JSx Z

In particular, if optimal couplings v} and optimal single-agent actions o} exist and can be

selected measurably (e.g., all spaces compact and all functions continuous, see the remark in

Appendix C), we can choose € = (.

This construction has a natural interpretation. Assuming, for simplicity, that optimal couplings and
actions exist, the coupling v} € TI'(us, v) optimally assigns the population mass at each state s to
targets, while a} selects the optimal action for each state—target pair. This is the core of our separation
principle: the coupling +; indicates how to dispatch agents to targets, while a} indicates how to route
the single agent to the assigned target. Part IT of Theorem 3.1 guarantees that the resulting population
control has expected cost no greater than the transport upper bound established in Part 1.



Algorithm 1 SALT: Separation-based Assignment and Learning via optimal Transport

Require: Initial target-conditioned policy 7(°)(a | s, z), cost-to-go function estimates j't(o)(s, z),
horizon T, exploration schedule (o)r>0
1: for episodes k =0,1,2,... do
Sample the episode initial population ,uék) and target distribution vy.

Initial population-level assignment. With probability 1 — oy, assign agents to targets via

optimal transport with cost j’ék). Otherwise assign randomly.

4: Single-agent learning. Roll out the shared target-conditioned policy 7(*) in parallel for all
agents over the horizon 7', with the assigned targets kept fixed.

5: Update 7(*+1) and }'t(kﬂ)(s, z) with the chosen single-agent RL algorithm from the N
trajectories collected in Step 4.
end for
Deployment (online-assignment variant).
fort=0,..., 7 —1do
Assign agents to targets via optimal transport with cost Je.
Execute one step of 7, with the current target assignments.
end for

AN

—_

Robustness to weakly coupled dynamics. While Theorem 3.1 assumes decoupled dynamics and
stage costs, Appendix E shows that the separation-based policy remains near-optimal when both
depend weakly on the population. We construct the separation-based policy of Theorem 3.1, Part II
using a decoupled surrogate and deploy it in the coupled system. Let £ bound the distance between
the next states the surrogate and the coupled system produce from the same state, action, and noise,
and J, the expected difference between their stage costs. The loss of optimality is then at most
Zf;ol L 1D +2 Zfz_ol (8, 4+ L, 11€l). The first term is the stochastic separation gap introduced
above, while the second isolates the loss caused by population interactions, and vanishes with them.

Implications for agent-based formulation .J"V. Theorem 3.1 is stated for the population formulation
in Problem 2. Corollary 3.3 bridges this to the original agent-based setting: for /N agents and [NV
target masses, the same transport surrogate X[j;] upper bounds J/V.

Corollary 3.3 (Agent-based upper bound). Let s; = (si,...,sY) € SN be the agent states
at time t, with empirical distribution ji}\ = 3 ZZV:I Og- Letz = (2',..., V) € ZN be fixed
targets with empirical distribution v = % Zivzl 0,i. Then, the cost-to-go function for the

optimal control problem in Problem 1, denoted by J}N (s;,v"), satisfies
T (s, 0™) < KLy’ v™). (©)

In particular, the inequality holds true for the cost-to-go J~ (39, v") in Problem 1.

We defer the proof of Theorem 3.1, Part I, Theorem 3.1, Part II, and Corollary 3.3 to Appendix C.

4 SALT: Separation-based Assignment and Learning via optimal Transport

Corollary 3.3 suggests using the upper bound

Klid(uev) = inf / Ju(s, 2)dy(s, 2)

YET (pe,v)
as a tractable surrogate for the agent-based cost-to-go J/N (s¢, v™). The resulting learning paradigm,
summarized in Algorithm 1, has two phases: (i) learn the single-agent target-conditioned cost-to-go
function j’t, and (ii) use it as the transport cost to assign agents to targets. The choice of single-agent
algorithm is entirely open: any method capable of learning a target-conditioned cost-to-go estimate
j’t (Q-learning [33], DDQN [34], PPO [28], A2C [35], etc.) can be plugged in as the base learner. We
refer to this family of methods as SALT, for Separation-based Assignment and Learning via optimal
Transport. An instance using a single-agent RL algorithm is denoted SALT-ALG:; e.g., SALT-PPO.
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Figure 2: Average travel time to targets as a function of noise probability p under individual, local,
and global noise. Cells show the pooled arithmetic mean over 50 evaluation rollouts from each of 5
independently trained policies. Figure 7 shows the corresponding distributions. Brighter cells indicate
worse relative performance. SALT variants consistently outperform standard MARL baselines.

Discussion. SALT replaces learning over the joint population state-action space with a target-
conditioned single-agent policy (- | s, z) and cost-to-go estimate j(s, z) shared across all agents.
Thus, population-level coordination is handled only through the optimal transport assignment, while
both learned functions depend only on a single agent’s state—target pair. This has three main benefits.
(1) Scalability: learning occurs entirely at the target-conditioned single-agent level, avoiding the
curse of dimensionality of the joint state-action space and generalizing naturally across population
sizes. (ii) Trajectory pooling: the same single-agent model is updated from every agent’s trajectory
simultaneously. (iii) Modularity: the coordination layer requires only j(s, z) as its transport cost,
making SALT compatible with any single-agent RL algorithms.

The time-indexed bound in Theorem 3.1, Part I makes the assignment frequency a deployment choice.
The transport assignment can be recomputed at every time step with j’t, as in Algorithm 1, or solved
once at ¢t = 0 and kept fixed for the entire episode. Both variants use the same target-conditioned
learner and differ only in when the transport assignment is updated.

Training details. At each episode k, we sample the initial population u(()k) and target distribution
vy, from the environment, and assign agents to targets by solving the optimal transport problem
K[}'ék)] (,u(()k), vy ) with the current initial-time estimate j'ék) (s, z) as cost. For empirical population
and target measures with IV equally weighted samples, a coupling v € I'(u, ) can be represented as
a doubly stochastic matrix (up to the factor 1/N). By the Birkhoff-von Neumann theorem an optimal
coupling can be taken to be a permutation (see the proof of Corollary 3.3), and thus the optimal
transport problem reduces to a one-fo-one assignment problem. In particular, given a cost matrix

Cij = jgk)(si, 27), we solve minge g, vazl 3t(k) (s%,27(), where Sy is the set of permutations of
{1,..., N}, and assign target 2°(*) to agent i. Such an assignment is computed exactly in O(N?)

with the Hungarian algorithm, or approximately using entropic regularization [36]. During training
we apply this construction at ¢ = 0 with probability 1 — a4, else we assign targets uniformly at
random to ensure broad coverage of (s, z) pairs and prevent the cost-to-go estimate from overfitting to
its own assignments. We then keep the assignments fixed for the entire episode. Each agent therefore
faces a single-agent target-conditioned task with terminal cost g7 (st, 2*), ensuring that the collected
transitions are consistent with the cost-to-go j (s, z%) being learned. Once targets are assigned, agents
roll out the shared target-conditioned policy in parallel, producing N trajectories that are pooled to
update the shared policy and cost-to-go estimate using the chosen single-agent algorithm.

5 Experimental results

We evaluate SALT against MARL baselines in stochastic grid worlds, and test scalability and fleet-size
transfer in a Manhattan urban logistics task. More ablations and experiment details are in Appendix F.
Code is at https://github.com/lucia-pezzetti/SALT.
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Figure 3: Training environment interactions required by SALT-PPO and MAPPO to attain each
reach-rate milestone (70%-99%) for 10 consecutive batches as population size N increases (grid
area scaled proportionally to maintain target density). Each cell reports the mean over 5 training
seeds, a dash (-) indicates that no seed attained the milestone within the training budget.

5.1 Stochastic grid-world experiments

Separation leads to better performance. We first evaluate SALT on a stochastic grid-world
environment. A population of N = 7 homogeneous agents must reach IV target locations within a
horizon 7" = 100 on an 11 x 30 grid. Agents start in the first column, while targets are uniformly
sampled from the last ten columns. At each step, the intended action is replaced uniformly by one of
the other four actions with probability p. We evaluate the individual, local, and global noise models of
Section 2, according to which replacement draws are independent across agents, shared among agents
with the same state-action pair, or shared across the population. The objective is to minimize average
travel time and terminal mismatch to the target distribution. We instantiate SALT with Q-learning
[33] (SALT-Q), DDQN [34] (SALT-DDQN), PPO [28] (SALT-PPO), and A2C [35] (SALT-A2C),
and compare them against six MARL baselines: MAPPO [10], IPPO [37], HAPPO [38], VDN [12],
QMIX [13], and mean-field Q-learning (MFQ) [19]. At evaluation, SALT uses the online-assignment
variant in Algorithm 1, recomputing the transport assignment at every time step. All methods are
trained with 5 seeds and evaluated on 50 evaluation seeds per trained policy. Figure 2 shows that
SALT consistently outperforms the MARL baselines across all noise levels and noise models. The
four SALT variants perform similarly, suggesting that the gain comes from the separation structure
rather than from the particular single-agent RL algorithm. Complementary metrics, as well as the
complete training, evaluation, and uncertainty details, are reported in Appendix F.1.

Separation leads to better scalability. We next study sample complexity as the number of agents
increases from N = 2 to N = 128. We use the same grid-world dynamics with individual noise, and
increase grid area to keep the target density roughly constant and isolate the effects of scaling from
the complexity of the task. During training, agents start from independently sampled rows of the first
column, and targets are sampled uniformly across the grid (see Appendix F.2). We select PPO as the
single-agent learner in SALT, yielding SALT-PPO, and compare it against MAPPO. We report the
number of environment interactions required to attain reach-rate milestones of 70%, 80%, 90%, 95%,
and 99%, up to a maximum training budget of 2 x 10? interactions. Figure 3 shows that SALT-PPO
attains the same milestones with up to 480 x fewer interactions than MAPPO, and reaches the 99%
rmilestone for populations of up to N = 128 agents, while MAPPO fails to reach the 70% milestone
at N = 8 within the configured budget. This gap directly reflects their different scalability properties.
MAPPO learns over a joint multi-agent state-action space, whose size grows exponentially with IV,
whereas SALT-PPO learns a target-conditioned policy that is independent of V.

5.2 Towards a realistic time-varying stochastic urban logistics task

A fleet of delivery vehicles must serve requests across Manhattan while jointly minimizing total
travel time. This task couples vehicle-to-request assignment with time-efficient routing through
a stochastic, time-varying network and is precisely the setting for which the separation principle
was motivated. SALT separates the problem into a coordination step (assigning vehicles to requests
via optimal transport) and a routing step (navigating each vehicle to its current target via a shared
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Figure 4: Relative travel-time improvement of SALT-Q over static shortest-path routing on the time-
varying Manhattan road network, as a function of fleet size. Boxplots pool 500 evaluation instances
from each of 8 training seeds. Boxes span the interquartile range, center lines show medians, and
whiskers follow the Tukey 1.5-interquartile-range rule. The dashed line indicates zero improvement.
SALT-Q is trained with 20 vehicles and evaluated without retraining on fleets of 1-100 vehicles.

target-conditioned learned policy). As motivated in Section 4, assignments remain fixed during each
training episode to learn the target-conditioned subproblem, and are recomputed at every routing
step during evaluation. The environment is a directed south-Manhattan road graph extracted from
OpenStreetMap [39], with 2087 intersections and 4255 directed roads (see Figure 4). Travel times
depend on road length, road type, traffic-light cycles of 90 seconds (with a road-dependent green
phase duration and a random offset) and stochastic congestion effects. Vehicles start from three
depot locations in random proportions and serve delivery requests sampled uniformly across the
city. Further environment details are provided in Appendix F.4. We instantiate SALT with tabular
Q-learning (SALT-Q) and compare it against a static baseline that assigns vehicles once at { = 0
using nominal shortest-path distances and then follows the resulting paths. This standard operational
heuristic ignores traffic-light timing and stochastic congestion, since incorporating them exactly
requires a much larger spatiotemporal routing problem. We exclude the deep MARL baselines of
Section 5.1 because, as demonstrated, they become computationally prohibitive on a graph of this
scale and are tied to a fixed training fleet size. SALT-Q policies are trained with N = 20 agents and
evaluated, without retraining, on fleets of 1, 5, 10, 20, and 100 vehicles.

Figure 4 reports the relative improvement in travel time over the static shortest path baseline as a
function of fleet size. SALT-Q consistently outperforms the shortest-path baseline, with median
improvements ranging from 14.8% (N = 1) to 21.3% (N = 100), reflecting its ability to anticipate
traffic-light timing and adapt to stochastic congestion. Performance remains stable across fleet sizes,
confirming that SALT generalizes naturally to fleet sizes unseen at training time. The residual variance
arises from a natural bias of distributional training: the policy concentrates on high-probability origin-
destination pairs, improving sample efficiency at the cost of reduced accuracy on rare assignments.
Additional ablations regarding SALT fleet-size transferability and reassignment variants of the
shortest-path baseline are reported separately in Section F.3 and Section F.4, respectively.

6 Conclusion and limitations

We established a separation principle for cooperative MARL and used it to design SALT, a family
of algorithms that learn a single-agent policy and use optimal transport to coordinate agents. SALT
outperforms existing MARL baselines in grid worlds, both in terms of performance and scalability.
In the southern Manhattan road network, where MARL baselines are impractical, SALT improves
travel time by 15-21% over a shortest-path heuristic and generalizes to population sizes not seen
during training. Our work does not address several important challenges, which we leave to future
work. From a theoretical perspective, our separation principle requires decoupled dynamics and
an optimal transport terminal cost, ruling out settings with strong interactions, collisions, or non-
transport objectives. Our bound on the optimal cost is also not tight in general. From a practical
perspective, the target-conditioned single-agent problem must generalize across the target space,
which is challenging when targets are high-dimensional or sampled from distributions far from the
training one.
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A Noise models and averaging property

This appendix develops the measure-theoretic framework used to handle stochasticity in the multi-
agent system. We first introduce the relevant general notation, and illustrate how common noise
models fit into this framework through a series of examples. We conclude with Lemma A.10, which
will be a key technical tool used in the proof of Theorem 3.1, Part I in Appendix C. Throughout,
the space of probability measures on a Polish space X, P(X), is endowed with the topology
of weak convergence and its Borel o-algebra. Since X is a Polish space, P(X) is itself a Polish
space [32, Theorem 15.15]. The product measure of two independent random variables with marginals
w € P(X)and v € P(Y) is the unique measure u ® v € P(X x Y) [40, Theorem B, Section 35]
such that (1 ® v)(A x B) = u(A) v(B) for all Borel sets A C X, BCY.

A.1 General framework

In multi-agent systems, randomness enters at the individual level, through the noise realizations for
each individual agent. At the population level, these realizations induce randomness in the population
distribution and therefore in the next population state. To capture this in a unified way, we work
with distributions over noise distributions. Concretely, following the notation in Section 2.2, let
s € P(S x A) denote the joint state-action distribution of the population at time ¢, and denote by
& (- | s,a) € P(W) the nominal kernel, i.e., the law of the noise experienced by an agent in state s
taking action a. For agents sharing the same state-action pair (s, a), their noise realizations form
the realized kernel é:a € P(W). Unlike the nominal kernel & (- | s, a), which is a fixed object, ézn
is random, fluctuating across episodes depending on the specific noise draws of the agents in that

bin. Therefore, we can talk about the distribution of £, ", which we denote by n*® € P(P(W)), and
collect these across all state-action pairs into the joint object n; € P(P(W)“*4). Finally, to describe
the full population transition in this stochastic setting, it is not enough to track where agents are and
what actions they take; one also needs to account for the noise they experience. This motivates the
introduction of the joint state-action-noise distribution, defined as the gluing

pe=N(1) @& EP(Sx AxW).

Intuitively, p,({(s, a,w)}) is the fraction of agents that are at state s, use action a, and experience

. . . . . . . "S,a .
the noise realization w. Since the noise realizations are random, £, is random and, consequently, so
is p,. At this point, the next population is a pushforward of p, under the system dynamics f;:

Ptt1 = feaupy-

. . . . . . . ~S k) a
Different noise models below correspond to different distributional assumptions on £, , and hence
on p,. The objects introduced above are summarized in Table 1.

The gluing p, = \;, ® é: " is well-defined per realization only if the realized field is a measurable
kernel. We impose this as a standing assumption. It holds directly for the individual and global
models, while the only subtle case is discussed in Example A.6.
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Table 1: Notation for the appendix.

Object  Definition Intuition

é : “ Random element of P(W) Distribution of noise experienced by agents in
(s,a) at time ¢

n" Distribution of é: “ Describes the probability distribution associated
with the noise realizations

Nt Probability =~ measure  in  Collects all ;"* across bins, encoding population-

P(P(W)>>x4) level randomness
Pe A ® 3 z “ Joint state-action-noise distribution

Assumption A.1 (Well-posedness of the realized noise field). Fix a time step ¢ and an admissible
state-action distribution \,. The realized noise field, defined on a probability space (2, F,P), admits
a version for which there exists a Borel set D; C S x A with A\,(D;) = 1 such that

((s,a),w) = & (w)(B)

is jointly measurable on D; x (2 for every Borel set B C W.

In particular, almost surely, (s,a) — éfa is a Borel kernel on Dy, so p, is a well-defined random
element of P(S x A x W), and expectations over the field can be interchanged with \,-integrals by
Tonelli’s theorem.

We additionally impose the following consistency condition on the realized kernel.

Assumption A.2. Fix a time step ¢ and an admissible state-action distribution \,, together with
its realized noise field. There exists a Borel set E; C S x A with A\,(E;) = 1 such that for all
(s,a) € Ey and for every bounded Borel measurable ¢ : W — R

B | [ e @] = [ el s.a @

.. . .. . ~Ss 9 a
Condition (7) should be read as an unbiased or barycenter condition between the realized kernel £,
and the nominal kernel & (- | s, a). More precisely, the assumption requires that these two descriptions

agree after averaging over the realization of £ f . As we will show below, Assumption A.2 is satisfied
by several standard realized-kernel constructions. Specifically, in Proposition A.9 we show that it
holds true for the noise models presented in Examples A.4—A.7. More generally, Assumption A.2 is
satisfied whenever the realized kernel is chosen from a family of probability kernels whose mixture is
the nominal kernel &;(- | s, a).

What (7) excludes are biased realized-kernel constructions, as we show in the next example.

Example A.3. Let W = {0,1} and & = %50 + %51. Suppose that we artificially bias all noise
realizations towards 1, so that

~85,a

ft :51

almost surely. Then

~S,a 1
E, s [/ wdg&, (w)} =1# 5= / wd&s(w] s, a).
w w
Hence, (7) fails.

More generally, it fails whenever the realized population-level kernel systematically overweights
some noise realizations relative to the nominal kernel used in the single-agent Bellman equation. In
the remainder of this section, we specialize this general framework to the individual, local, and global
noise models considered in this work (Section A.2). Finally, in Section A.3, we prove a key property
of all these noise models: we establish, in Lemma A.10, that the expected cost under the realized

kernel é : “ equals the cost under the nominal kernel & (- | s, a). Ultimately, this unbiasedness property,
verified for all three noise models in Proposition A.9, is what allows us to eliminate randomness from
the backward recursion in Appendix C and recover the single-agent Bellman equation.
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A.2 Noise models

To start, we consider the case where the noise is i.i.d. over all agents with the same state-action pair.
We start with the case of finitely many agents:

Example A.4 (Individual noise, finitely many agents). Consider N finite agents, each with its “own”
noise sample

wi ~ &(-| 51, af)-
We assume noise draws to be independent across agents and across state-action pairs. Given the state-
action distribution \,, its support supp A, is finite (at most N atoms, since A, = Ef\;l O(si aiy)-
For each bin (s,a) € supp \,, let

Nsa=N-A({(s,0)}) 21

be the number of agents in that bin. This is a strictly positive integer, determined by )\,. Define the
empirical measure map

Uy W = P(W)

where w** = (w**"),c(n, ) collects the noise draws of the agents in bin (s, a). The realized noise
distribution for the state-action pair (s, a) is

~S,a

g =y, @) € POW),

with distribution

=0 | Q) &llsa) | ePPW)).

ie[Ns,a]

Since supp A, is finite and noise realizations are independent across state-action pairs, the joint law
is the finite product

m= Q@ 0" ePPIW)IN).

(s,a)€Esupp A,

We extend n, to all state-action pairs by setting, for (s,a) ¢ supp A, é:’a = 00, for an arbitrarily
chosen w® € W. Clearly, the specific choice of w° is inconsequential: since \, assigns zero mass to
these bins, they do not contribute to \,-weighted integrals, which are exactly the type of integrals
in our problem setting. The map (s,a) — n;’" is Borel measurable: it takes finitely many distinct
values (one per element of supp \,, plus the constant extension outside), and the preimage of each
value is a finite union of singletons or the complement of supp A, all of which are Borel sets.

Example A.5 (Individual noise, infinitely many agents). In the limit case of infinitely many agents,
the two-level randomization (each agent drawing a private noise sample, and the collection of noise
realizations across the population) collapses into a single draw from the deterministic coupling

pr =N ®&(|s,a).

Intuitively, the population is “so vast” that its empirical profile of noise realizations matches the
underlying noise kernel itself. Rigorously, in the case of finite state and action spaces, we can assume
that the number of agents in each state-action pair (s, a) grows to infinity and Varadarajan’s theorem
[41, Theorem 11.4.1.] in the space P(W') guarantees

25,4 qa.s.

& —&(]s,a), asNggq — o0.

Consequently, the laws of the realized kernels n;"" converge weakly to ¢, (.| s,a) [41, Theorem 9.2.1,
Proposition 9.3.5]. We therefore set é:a = & (- | s, a) almost surely and

0" = 0e,(-s.0) € P(P(W)).
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For general (possibly uncountable) Polish spaces S and A, we construct the joint law via Kol-
mogorov’s extension theorem [42, Theorems 36.1 and 36.2]. Specifically, for each finite subset
J C S x A, define a probability measure

= Q) Se|sa) onP(PW)’).

(s,a)ed

These finite-dimensional marginals are consistent (the marginal of 0y onto any J' C J equals

4 . . . . > .
n{", since products of Dirac masses marginalize correctly). Thus, Kolmogorov’s extension theorem
guarantees that there exists a unique probability measure

ne = ® Oc, (- | s,a)s

(s,a)eSxA

and the realized joint state-action-noise distribution collapses to the deterministic coupling p, =
A ®&( | s,a).

Example A.6 (Local noise). Suppose the noise realizations are shared among agents with the same
state-action pair. For each fixed (s,a) € S X A we draw

w?a ~ ft( I Sva)v

independently across state-action pairs. Then, all agents in bin (s, a) experience the same noise
realization w! = w;'®. In this framework, we define the empirical measure map

Tt W P(W)
wf’a — 5w:’“~

The realized noise distribution for bin (s, a) collapses to
~8,a

&

= 5’[1}?’@?

with distribution

n =W | s,a) € P(P(W)).
Since noise samples are independent across state-action pairs, the joint law is constructed by the
same Kolmogorov extension argument as in Example A.5 (applied with n;”" in place of O¢, (.| s,a))- For

every finite J C S x A, the marginal ] = ®(s,a)e gng® is consistent, yielding the unique extension

= n*ePPW)TA.
(s,a)eSxA

Example A.7 (Global noise). Consider the case in which all agents are subject to the same noise
draw wy ~ & € P(W), regardless of their state and action. Since every state-action pair (s, a)

experiences the same noise realization, we have éf ¢ = Ow, for all (s, a). We define then the diagonal
embedding

d: W — P(W)S*4
w i ((s,a) = Gy) -

The entire random family (fz’a)( Jesxa = ®(wy) is a P(W)S*Avalued random variable and its
s,a)ES X
law is

n = dypé € P(P(W)S*H).

In words, & € P(W) is pushed forward through ® to a measure on P(W)3*4, concentrated on the
diagonal {®(w): w € W}. We refer the reader to Remark A.8 for a discussion on the well-posedness
of .

! Assumption A.1 holds whenever A, has countable support, including every finite population. When A, is atomless, 7
still exists, but a continuum of independent draws admits no jointly measurable version with nondegenerate coordinates
on an ordinary product probability space [43, 44] and so A\, ® é:’a cannot be formed pathwise. In that case, we do not
construct p, but take it as the primitive disturbance, requiring only that its state-action marginal is A, almost surely and that
Elp,] = A; ® &t. On arich Fubini extension, an enlargement of the product space that retains the Fubini property and is
rich enough to carry the continuum of independent noise draws itself, the exact law of large numbers of Sun [44] then gives
Py = Ay ® & almost surely on the atomless part, while atoms keep their shared draws [44]. We record this only to show
that the formulation is consistent, indeed, the separation proof uses just the marginal and average properties above, so its
conclusions also hold in this formulation.
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Remark A.8 (Well-posedness of Example A.7). We verify here that the map ®: W — P(W)5*4 is
well-defined and a Borel measurable map between Polish spaces, so that the pushforward 7, = ®&;
is well-defined.

Step 1: Each coordinate map is continuous. We start by noting that each coordinate map w —
dw: W — P(W) is continuous with respect to the weak topology on P (W) [32, Theorem 15.8].

Step 2: ® is Borel measurable. To show that the full map ® is Borel measurable we consider two
cases depending on whether S x A is countable or uncountable. In the countable case, P (TW)3*4
is a countable product of Polish spaces, which is again a Polish space [45, Proposition 3.3] under
the product topology. A map into a countable product is measurable if and only if each coordinate
projection composed with it is measurable, which holds by Step 1. So ® is Borel measurable. If,
instead, S x A is uncountable, then P(W)S xA might fail to be Polish. However, this does not pose
issues as the image of ® is contained in the diagonal subset

D={®(w): weW}={((s,a) = dy): we W} cPW) >4,

The map ®: W — D is a homeomorphism: both ® and its inverse ®~!: D — W (which evaluates
any coordinate and then inverts w — J,,) are continuous. Hence, D is homeomorphic to W, which
is Polish. In particular, D is a Polish space in the subspace topology inherited from P (1/)>*4,
Since ®: W — D is continuous between Polish spaces it is Borel measurable, and 17; = ®4&; isa
well-defined Borel probability measure on D and so also on P(W)“*4. We finally observe that 7 is
fully concentrated on D, so all subsequent integrals only involve elements of D and the uncountability
of S x A does not pose an issue.

We now show that these canonical noise models satisfy Assumption A.2.

Proposition A.9 (The noise models satisfy Assumption A.2). For each of the noise models in

Examples A.4-A.7, the realized kernel éfa and its distribution ny satisfy Assumption A.2. That is,
there exists a Borel set E; C S x A with \,(E;) = 1 such that for all (s,a) € E; and for every
bounded Borel measurable ¢ : W — R simultaneously,

E,pe { /Ww(w)dé?a(w)] = /Ww(w)dft(w|s,a).

Proof. We prove the statement for each noise model separately.

Individual noise (Example A.4). Fix (s, a) € supp A,, hence N, , > 1. By construction,

N,
és,a 1 S’a(s
t = s,a,i
Ns.a Z W
=1
s,a,t

where wy"“" are i.i.d. with law &(-| s, a). Hence, for any bounded measurable p: W — R,

Ns.q
~8,a 1 - s,a,i
] ) w) = > el

and therefore, by linearity of expectation and since each w}"*" has law & (- | s, a),

By | [ )" (w)| = 5= Ng Be o (o)) = [ olw)ds(w]s.0).

thus (7) holds on E; = supp A, which clearly satisfies A, (E;) = 1.

Infinite-population model (Example A.5). By construction é:a = & (- | s, a) almost surely for every
(s,a) € S x A. Therefore, for every bounded measurable ¢

B | [ )] = [ ptwngtuls.a)

Thus, (7) holds with E; = S x A.
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Local noise (Example A.6). For each fixed (s, a), a single draw w;"* ~ &(- | s, a) is taken, indepen-
dently across state-action pairs, and the realized noise distribution is ff ¢ = dyswa. So, for every
bounded measurable ¢, the inner integral equals (w;*") and, since w;"* ~ &(-| s, a),

By | [ pwddés” )] = B ot = | etw)dsatuls.a)

Thus, (7) holds again with F; = S x A.

Global-noise (Example A.7). This case is identical to the local noise one, with the same draw w;
shared across all (s, a). O

A.3 Averaging property of realized noise kernels

We now show that even if Ef “ s random, the expected cost computed under its law 7; equals the
cost computed directly under the nominal kernel & (- | s, a). In other words, replacing the realized
kernel £ :’a by the nominal kernel & (- | s, a) is unbiased in expectation. Among others, this lemma
will allow us to remove randomness from the backward recursion in the proof of Theorem 3.1, Part I.
Lemma A.10 (Averaging realized kernels). Let S, A, W be Polish spaces and fix a time step t. Let
A, denote the joint state-action distribution and & : S x A — P(W) be a Borel stochastic kernel.
For each (s, a), let &, be a P(W)-valued random variable with distribution n;** € P(P(W)), such

that Assumption A.2 holds and (s, a) — 1" is a Borel stochastic kernel. Then, for every nonnegative
lower semianalytic ¢ : S x A x W — R (in particular, for every nonnegative Borel measurable c),

/SXAE,]:,a [/W c(s, a, w)dg, (w)] dX,(s,a) = /SXA /W c(s,a,w)d&(w] s,a)dA,(s,a). (8)

Proof. Forn € N, define
cn (s, a,w) == min{c(s, a,w),n}.

By construction, each ¢,, is bounded and lower semianalytic, and ¢,, 1 ¢ pointwise.

To start, we prove that the two integrands in (8) are (universally) measurable. For the left-hand
side, for each n, the map (s, a,{) = [}, ¢n(s, a, w)d¢(w) is lower semianalytic on S x A x P(W):
the evaluation map ¢(dw | s, a, () := ((dw) is a Borel stochastic kernel (since ¢ — ¢((B) is Borel
measurable for every Borel set B C W [31, Proposition 7.28]), and integration of a lower semianalytic
function against a Borel stochastic kernel preserves lower semianalyticity [31, Proposition 7.48].
Since (s,a) — n;"" is a Borel stochastic kernel, a second application of [31, Proposition 7.48] yields
lower semianalyticity, hence universal measurability, of

) By | [ enlovan)ad ().

Letting n 1T oo, and using that a pointwise increasing limit of universally measurable functions is
universally measurable, we obtain the measurability of

) By | [ s awads”w)].

For the right-hand side, instead, the measurability of

(s,a) — /W c(s,a,w)dé(w] s, a).

follows from the same argument, applied with the Borel stochastic kernel &; [31, Proposition 7.48].

We now prove the equality (8). Fix n and (s,a) € E;, and consider the bounded test function
©s,a(W) = cp(s,a,w), viewed as a function of w alone for fixed (s, a). Assumption A.2 is stated for
bounded Borel test functions, while ¢, , is only lower semianalytic, hence universally measurable;
we extend (7) to s o as follows. Let m = &(-|s,a). Since ¢, , is universally measurable, it is
measurable with respect to the m-completion of the Borel o-algebra, so there exist a bounded Borel
function ¢’ and a Borel set ' C W with m(N) = 0 and {¢s, # ¢’} € N. Applying (7) to
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the bounded Borel function 1 gives E, .« [é:a(./\f)} = m(N) = 0, and since &, “(N) > 0, we

conclude &, (N) = 0 almost surely. Consequently, S gpsﬂdé: = [ d&; almost surely and
J @s,adm = [ ¢'dm; applying (7) to ¢ then yields (7) for ¢, , itself. This gives

By | [ enloa i) = [ enfoia i)

for all (s,a) € E;. Since A\,(E;) = 1, integrating both sides with respect to A, gives

/SxAEnf’a [/W cn(s7a,w)dé:’a(w)] dA,(s,a) = /SXA /W en(s, a, w)dé(w ] s, a)d, (s, a).

Finally, let n — oo. Since ¢,, T ¢, the monotone convergence theorem yields (8). O

B Preliminary lemmata

We now collect the auxiliary results required for the main proof in Appendix C.

Measurability convention. Throughout the appendix, primitive data such as the dynamics, stage
costs, and terminal cost are assumed to be Borel measurable, as in the main text. Since every nonnega-
tive Borel measurable function is lower semianalytic, these data also satisfy the analytic-measurability
assumptions used in the auxiliary results below. We use lower semianalytic functions because the dy-
namic programming recursion involves pointwise infima over the action space, and such infima need
not be Borel measurable on general Polish spaces; see [31] for a detailed discussion. Accordingly,
value functions and pointwise Bellman infima are interpreted as lower semianalytic, hence universally
measurable, functions. This is sufficient for the integrals and measurable-selection arguments used
in the proof of Theorem 3.1. For this reason, the new auxiliary lemmata below (Lemmas B.3, B.5,
and B.6) state their regularity requirements explicitly in terms of lower semianalytic costs: this is
the regularity actually available when they are invoked (the costs there involve the value functions
7t)- The results recalled from [27] are stated and proved there under the standing assumption that all
spaces are Polish and all maps are Borel; their proofs (change-of-variables, gluing, and disintegration
arguments) apply verbatim when the transportation cost is only lower semianalytic, hence univer-
sally measurable (all integrals remain well-defined by nonnegativity), and we use them in this form.
We work at this level of generality to simultaneously capture systems with finite and continuous
state and action spaces. Nevertheless, when all spaces are finite, measurability is automatic and all
measurability arguments can therefore be skipped.

We begin by recalling from [27] a result that lets us “move” the pushforward from the set of couplings
into the transportation cost, and vice versa.

Lemma B.1 (Pushforward and optimal transport [27, Lemma 6.1]). Given a transportation cost
Ji1: S X Z = Rso, amap fi: S x AxW — S, and a probability measure p, € P(S x Ax W),
it holds that

inf / Jeer o (fu x Tdz)dy = inf / Jeerd,
(projgiakw ) v =pr JSx AxWxZ (Projd*?) ,7 = feyp, JSx 2

where 1d 7 is the identity map over Z.

In our setting, this lemma tells us that evaluating the cost after applying the system dynamics is
equivalent to pushing forward the distribution first: we can “apply the dynamics first” and then
evaluate the population-level cost without changing the result.

Next, we recall how to merge additive costs into a single transport objective.

Lemma B.2 (Sum of optimal transport discrepancies [27, Lemma 6.2]). Given transportation costs
c1: X = R, co: X x Z — R, and probability measures p € P(X), v € P(Z), it holds that

E, [e1] + Klez](p, v) = K[ (p, V),
with c: X x Z — Rx defined as c(x, 2) = c1(z) + ca(x, 2).
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This result allows us to collapse stage costs and terminal transport costs into a unified expression,
which is crucial for dynamic programming formulations.

We now introduce stochasticity which, in our setting, will appear due to the stochastic dynamics.
Through a standard argument, we show that we can safely exchange expectation over random noise
with the infimum over couplings, at the price of an inequality.

Lemma B. 3 (Infimum and expectation). Let X, W, Z be Polish spaces, A € P(X), andv € P(Z).
Leté = (§ Veex be a random family of probability measures £ € P(W), defined on a common

probability space and such that, almost surely, © — f is a Borel measurable kernel on a set of
Sfull \-measure (cf. Assumption A.1). Denote its distribution by n. Letc : X x W x Z — RZQ be

measurable. Whenever the integrand of the left-hand side below fails to be measurable in é , the
outer expectation is understood; in our applications, it is universally measurable (see the proof of
Theorem 3.1). Then

Lelrnﬁu /sz/ e(a,w, 2)dE" (w )dv(x,z)}

< inf E cx,w,zd%wd T,z
<t B[ [ ow i @)

Proof. Fix any 7 € I'(\, v). Pointwise iné,

inf / / c(z,w, z)d ( )dy(z, 2) / / c(z,w, 2) ()dv(mz)
TEL(AV) Jx xZ XxZ

Taking expectations over é preserves the inequality (also when the left-hand side is interpreted as an
outer expectation, by its monotonicity). Since the resulting inequality holds for every coupling 7,
taking the infimum over ¥ € T'(\, v) yields the claim.

With this inequality, randomness can be “pushed inside” the transport problem, a step that will later
allow us to handle noisy transitions.

The next tool, recalled from [27], refines our handling of couplings: it shows how an optimizer can
be disintegrated with respect to one marginal, yielding conditional distributions.

Lemma B.4 (Disintegration of the optimizer [27, Lemma 6.4]). Given a transportation cost c :
S x A x Z — Rxq and probability measures . € P(S), v € P(Z), it holds that

inf / c(s,a, z)dv(s,a, 2)
(projgiéxz)#’yeF(u,U) SXAXZ o Y

= inf / / c(s,a, 2)da** (a)dv (s, z 9
Pl o T Sz (a)dy'(s,2), (9)
where A(A) = {{as’z}(s,z)ESxZ C P(A) ‘ SxZ> (872) N = 'P(A) Borel}.

This separation will allow us to express the population-level policy as a distribution over conditional
agent-level actions.

Next, we study more in detail the right-hand side in (9), showing that the infimum over the family
{a®*} € A(A) can be “pushed” into the integral.

Lemma B.5 (Reduction to pointwise infimum over deterministic policies). Let S, A, Z be Polish
spaces and let c: S x A x Z — R be lower semianalytic. Let jn € P(S) and v € P(Z). Define

A(A) = {{a"*}(s.)esx2z S P(4 ’ S x Z > (s,z) = a>* € P(A) is Borel measurable}.

Then, the function (s,z) v+ inf,ca c(s,a, z) is universally measurable, and for every coupling
v e€l(p,v)

inf c(s,a,z)da’*(a)dy(s, z :/ inf ¢(s,a, z)dvy(s, z). 10
it [ dsaae @i = [ dsaden. a0
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Proof. We start by assessing the measurability of the pointwise infimum. Since c is lower semianalytic
and A is a Polish space, the function (s,z) — inf,ca c(s,a, z) is lower semianalytic by [31,
Proposition 7.47], hence universally measurable. In particular, the right-hand side of (10) is a
well-defined element of [0, +o00].

We then prove (10) by showing “<” and “>” separately.

Lower bound “>”. For any {a**} € A(A) and every (s,z) € S x Z, since a®* € P(A) is a
probability measure

/ c(s,a,z)da’*(a) > inf c(s,a, z).
A acA

Integrating both sides with respect to +y and taking the infimum over all {a**} € A(A) leads to

inf c(s,a,z)da’?(a)dy(s, z 2/ inf (s, a, z)dv(s, z).
it [ dsadet @i 2 [ a2 s2)

NALS

Upper bound “<”. Let & > 0. Since ¢ > 0 is lower semianalytic and A is a Polish space,
[31, Proposition 7.50] guarantees the existence of a universally measurable -optimal selector
a®: S x Z — A satisfying

c(s,a%(s,2),2) < inic(s,mz) +e V(s,z)eSxZ.
ac

Now, since -y is a o-finite measure on .S X Z, by [31, Lemma 7.27] there exists a Borel measurable
map b°: S x Z — A with b* = a® y-almost everywhere, so that

c(s,b°(s,2),2) < i]ﬂf4 c(s,a,z) +¢e ~y-almost everywhere.
ac

The Dirac embedding A — P(A) defined by a — ¢, is continuous in the weak topology [32,
Theorem 15.8], hence Borel measurable. Therefore, the composition (s, z) — 6bs(s)z) is Borel
measurable, and so is the family {Jy-(,,.) } (s,2) € A(A). Thus,

inf / /c(&a,z)das’z(a)d’y(s,z) < / c(s,b°(s, 2), 2)dv(s, 2)
fas2reA(A) Joxz Ja Sxz

< / inf c(s,a, z)dy(s, z) + €.
SxZ a€A

Since € > 0 is arbitrary, we conclude

inf c(s,a,z)da’?(a)dy(s, z S/ inf (s, a, z)dv(s, z).
it [ dsaaet @i < [ a2 s2)

NALS
This completes the proof of the upper bound and, with it, the proof of the lemma. O

This lemma will allow us to relate the dynamic programming over probability measures with the
standard dynamic programming over the state and action spaces.

Finally, we present a lemma that upper bounds the transport cost when replacing “full couplings”
with “marginal plans”. This inequality will be used to simplify the optimization by relaxing the
coupling constraints, enabling us to separate noise from the population-level allocation.

Lemma B.6 (Suboptimality of marginal plans). Let X, W, Z be Polish spaces. Given a lower
semianalytic transportation cost ¢ : X x W x Z — R and probability measures p € P(X x W),

v € P(Z), let p = X\ ® ¢% be the disintegration of p with respect to its first marginal X\ =

(projﬁxw) 4P where ¢° € P(W) is a (deterministic) Borel kernel (we use the symbol q rather than

é to stress that no randomness is involved here). Then,

inf / c(x,w, z)dy(xz,w,z) < inf / / c(x,w, 2)dg” (w)dy, (z,2). (11)
€L V) S X XWX Z nelGw) Jxxz Jw

Proof. Consider the disintegration of p with respect to its first marginal A = (pro j§ x W) 4P € P(X),

p=A®q" Letvy; € T'(\,v) and consider the gluing ¥ = 71 ® ¢* € P(X x Z x W). To “reorder”
marginals, consider the permutation

0 XXZXxW=>XxWxZ, oz zw)=(zw,z),
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andsety =o0x(11 ®¢°) € P(X x W x Z).

We now show that -y is a coupling between p and v and, thus, a valid upper bound for the infimum
in (11). We check each marginal by testing against an arbitrary bounded measurable function. Let
@: X x W — R be bounded and measurable, we have

[ oo () e

— [ (o, 2) (a2
X><W><Z

/ o (prof XWX (4w, 2))d (04 (1 ® ¢°)) (2w, 2)
XxWxZ

| e (o oz w)) don © ) o0
X XZx

:/XXZ/Ww(:c,w)dqz(w)d%(x,Z)
- /X /W (2, w)dg® (1)dA (z).

For every bounded and measurable ¢, since ¢” is the disintegration of p on W given z, and y; €
T'(A, v) has first marginal A\, Fubini-Tonelli [42, Theorem 18.3] gives

/. /W Pl ) (A @) = [ enwd0 e ) (@) = /. el o),

Hence (proy&i%xz ) 4 =P Similarly, for the marginal over Z, let 1: Z — R be bounded and

measurable. Then,

prOJ)Z(XWXZ(,T, w, z)) dy(z,w, 2)
- / ¢ (proiF 2 (@, 0,2)) d (o4 © ¢7)) (1w, 2)
XxWxZ

- /X (o o,z w)) don @ 6°) (22, w)

- /X By /W (2)dq" (w)dn (=, 2).

Since [, dg”(w) = 1 for all x and v is the marginal over Z of v; € T'(\, v), this reduces to

B(2)dm (x, 2) = / b(2)dv(2)

XxZ

Combining the two chains of equalities, [, 1d((projy <" *#) 4+7) = [ ¥dv for every bounded
measurable ¢, and hence (prOJ)Z( xWxz ) e Overall, we have proven that, for all v; € T'(A, v),

y=o0x(n®@q*) €T (p,v).
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We are now ready to prove (11). Fix 3 € I'(A,v). The coupling v = 04 (1 ® ¢°) € I'(p,v) is a
valid candidate for the left-hand side. Thus, we obtain the upper bound

inf / c(z,w, z)dy(z,w, 2) S/ c(z,w, z)dy(z,w, 2)
FEL(pw) S X xWx 2 XxWxZ

= / c(x,w,2)d(og(n ®@q")) (v, w, 2)
XxWxZ

- / (0, 2) d(y1 ® ¢°) (, 2 w)
XXZxW

N /sz /W L AL () 2),

where the last equality uses the disintegration of v; ® ¢® and Tonelli’s theorem. Since v; € T'(A, v)
is arbitrary, we may take infima to obtain

inf /c(x,w,z)d’y(x,w,z) < inf / / c(z, w, 2)d¢” (w)dy (z, 2),
YEL(p,v) Nner\v) Jxxz Jw

which is the desired statement. O

Through the following example, we show that the inequality (11) is generally strict.

Example B.7 (Strictness of Lemma B.6). Let X = W = Z =R. Set A = N(0,1) on X. For each
z € X, let g = q¢* = N(0,1) on W, independent of x. Then, the product measure p = \ ® q is the
law of a pair (z,w) with T, w Hg N(0,1). Letv = N(0,1) on Z and define the cost

c(z,w, 2) = (w— 2)%
To evaluate the left-hand side of (11), we aim to solve

inf / c(z,w, z)dy(x,w, 2).
Y€l (p,v) JR3
To do so, we show that there exists a plan ¥ € T'(p, v) that attains a cost of 0, which, by non-negativity
of the cost, implies optimality. Consider T : R? — R3 defined by T (z,w) = (x,w,w) and set
4 = Typ. By construction, its (x,w)-marginal is p and its z-marginal is given by w ~ N (0,1) = v,
hence v € T'(p,v). Under this coupling

/ (w — 2)%d7(z,w, z) = / (w —w)?dp(z,w) =0

R3 R3

and so

inf / c(x,w, z)dy(x,w, z) = 0.
Y€l (p,v) JRr3

We now consider the right-hand side in (11). For any v, € T'(\, v), we evaluate

/sz /W c(x,w, 2)dg" (w)dy (z, 2).

Since the disintegration of p is ¢ = N (0,1) (in particular, it is independent of x), we have

[ et 2ot = [ = 2Pdotw) = [ wtdatw) ~2 [ wdaw)+ =142

R
and so

inf //c(x,w,z)dq(w)d’yl(x,z)z inf / 1+ 22dyi (z, 2)
r2JR R2

1 ETL(A,v) MEr(A,v)

=1 +/22d1/(z)
R
= 27

where the last equality follows from the fact that the second marginal of v1 is v = N(0, 1) and thus
its second moment is 1. Clearly, the left- and right-hand sides do not agree, and the inequality (11) is
strict in general.
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Example B.7 shows that the inequality of Lemma B.6, and hence the bound of Theorem 3.1, Part I, is
generally strict. Informally, the gap corresponds to the value of being able to match noise realizations
directly to targets, rather than averaging over them. In control problems where noise is small relative
to the nominal cost (as in the low-noise regime of our grid-world experiments), we expect this gap to
be small.

C Proofs of Section 3

We now prove the main results presented in Section 3. Recall the single-agent problem and the
dynamic programming for the cost-to-go function in (2):

Jr(st,2) = gr(sT,2);
Je(st,2) = ai%fA B, [g¢(st, ae, we) + Gev1 (fe(se, as, we), 2)] -
t

C.1 Proof of Theorem 3.1

We aim to show that the population-level cost-to-go function in Problem 2 is upper bounded by an
optimal transport problem whose cost is the single-agent cost-to-go function in (2). Concretely, we
show by backward induction that

M) < _int [ s 2)dr(s.0).
ver (pe,v)
We first prove the theorem under the field-based setting of Assumptions A.1 and A.2. The construc-
tions in Examples A.4—-A.7 and Proposition A.9 cover individual noise with finitely or infinitely many
agents, global noise, and local noise on countably supported state-action distributions. For atomless
local noise, the footnote in Example A.6 gives the corresponding aggregate random-measure con-
struction and explains how the same proof carries over. In the field-based setting, Lemma A.10 allows
us to replace the realized noise kernels by the nominal kernel after taking expectations. Throughout,

Assumption A.1 makes the gluing p, = \, ® é;a a well-defined random measure and justifies
interchanging expectations over the realized field with \,-integrals. All integrands below are lower
semianalytic (see Appendix B), so all expectations are well-defined.

We start with the proof of Part I of the theorem.

Proof. The proof proceeds by induction, in three steps. First, we use the definition of the cost-to-go
function and the induction hypothesis at time ¢ + 1. Second, we express the conditional expectations
over noise realizations in terms of the averaged single-agent cost. Finally, we reorganize the infima
over couplings by means of Lemma B.4, which allows us to recover the desired distributional dynamic
program and conclude the induction.

The base case of the induction is straightforward. By definition Jr(ur,v) = Klgr](1r,v). Since
Jjr(s,z) = gr(s,z), we have Kljr|(ur,v) = Klgr](ur,v) = Jr(ur,v). Fix t < T, using the
induction hypothesis at time ¢ + 1, i.e.,

Jer1(f; ,v) < inf / Gea1(sT, 2)dy,
41 ( [Py V) e o) s t41( )dy

the backward recursion for the cost-to-go function at time ¢ gives

Ji(pe,v) = inf E,, [Ept [9¢(s, a,w)] + Jt+1(ft#PtaV)}

JSXA
(projg™ ™) A =ht

< inf E,, / gt(s,a,w)dp, + inf / Jer1(sT, 2)dy| . (12)
SxAXW SxZ

(projiXA)#/\t:ut YET (frypssv)

()
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We now focus on the term denoted by (). We analyze (*) pointwise for each realization of ét before
taking expectations. By Lemma B.1, we can “push” the dynamics into the transportation cost, so that

(+) = / ge(s,a,w)dp, + inf / Jear (fuls, a,w), 2)d.
SxAxW Y ET(pev) JSx AXW X Z

Here we use that the coupling correspondence in Lemma B.1 preserves the target marginal: since
ft x Idz acts as the identity on the Z-coordinate, it restricts to a bijection between the couplings with
Z-marginal v, so imposing ' € T'(p,, v) (with v fixed) is equivalent to the corresponding fixed-v
constraint on f; . p;. Since p, is the first marginal of 7/, Lemma B.2, with X = S x A x W, ¢; = g
and ¢y = ji11 o (ft x Idz), allows us to merge the two costs into a single transport objective on
S x Ax W x Z. We therefore have

(x) =  inf / gi(s, a,w) + jip1(fe(s, a,w), z)dy'.
V' E€L(pv) JSx AxW x Z
We now use Lemma B.6 with X = S x A, p, = A, ® é:’a, and c(s,a,w,z) = gi(s,a,w) +
Je+1(fe(s,a,w), z), to replace the couplings of the full state-action-noise distribution p, with cou-
plings of its (S x A)-marginal \,. This yields the inequality

(*) S - lIlf / / gt(saa7w) +jt+1(ft(saa7w)?z)dé:,adﬁ/'
YeL(Aev) Jsxaxz Jw

This relaxation removes the dependence on the realized noise from the optimal assignment, thus

restricting it to depend only on (s, a).

We now plug the upper bound obtained for (x) inside the expectation over é f ’a, as in (12). Since A,

is fixed and the infimum is now over couplings 4 € I'(\,, v) that do not depend on 3 : " Lemma B.3
applies, allowing us to interchange expectation and infimum and yielding the upper bound

E,, [(+)] < E[ inf /S - /ngs,a,w)+jt+1<ft<s,a,w>,z)déf’“dﬂ

’?er()‘t!l’)
< inf E,, [/ / g:(s,a,w) +jt+1(ft(s,a,w),z)déf’ad’y}
FET (Ay,v) SxAXZ JW

= inf / E,sa {/ gi(s, a,w) —|—jt+1(ft(8,a,w),z)dé:’1 d7,
SXAXZ w

Fer(A,,v)
where the last equality follows from Tonelli’s theorem, which applies by nonnegativity of the costs
and joint measurability of the realized field (Assumption A.1). Informally, the second inequality is
precisely where we transition from “choose the assignment after seeing the realized noise” to “choose
one assignment against average noise”. We now focus on the inner expectation. In particular, consider
a fixed ¥ € T'(\;, v). We can disintegrate the coupling with respect to its (S x A)-marginal A, as
¥ = A\ ® Kg,q Where kg 4 1s a (conditional) probability over Z. By non-negativity of all functions,
Tonelli’s theorem gives

/ E,z. [ / 9e(s,a,w) + jer1 (fels, a,w), 2)dE, " | 47
SXAXZ w

~S,a

= / Eﬂ:’a |:/ /gt(sva’w)+jt+1(ft(57a’w)aZ)d’%s,adft
SxA wJZ

We can apply Lemma A.10 (treating (s, a) as parameters) to the function

é(s,a,w) = /th(s,a,w)—|—jt+1(ft(s,a,w),z)d/{sﬂ(z).

Note, in particular, that Lemma A.10 can be applied since x q is fixed and not a function of the noise

] dA,.

distribution & :7(1. Thus, we get

/ Enf'a |:/ / gt(sa Cl,’LU) +jt+l(ft(sa Cl,’LU), z)d’is,adé:’a] d)‘t
SxA wJZz
= / Ew |:/ gt(Sa a,w) + jt+l(ft(8a a,w), Z)d"fs7a:| d/\t
SxA Z

- / Eu [90(s, a,w) + jor (fi(s, a,w), 2)] 45
SXAXZ
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where the last step follows again from Tonelli’s theorem and the definition of 7. Combined with the
previous chain of inequalities, we therefore have

Eﬂt [(*)} S . inf / Ew [gt(S, a, ’LU) + jt+1(ft(55 a, ’LU), Z)] dﬁ/
YEL(Apov) JSxAx Z

We can now plug back our bound in (12) to get

Ji(pe,v) < inf _ inf / Ey [g:(s, a,w) + jer1 (fi(s,a,w), 2)] d¥
(prO_i§XA)#>\t:MtWGF(AN’) SXAXZ

(proiSX475)  3€0 (e

=: (%).

Now, we can use Lemma B.4 to disintegrate the optimizer in (x), which gives

in / Ev [g0(5, 0, w) + jess (fuls, a,w), 2)] &7
SXAXZ

(x) = inf / /Ew [g:(s, a,w) + Jry1(fi(s,a,w), z)] da®?dy
”?f(‘j\‘(’z)) SxzJA
a”’te

The integrand is lower semianalytic: g;, g7, and f; are Borel, and, by backward induction, j;11 is
lower semianalytic, since lower semianalyticity is preserved by composition with Borel maps [31,
Lemma 7.30], integration against the Borel kernel &; [31, Proposition 7.48], and pointwise infima
over A [31, Proposition 7.47]. Therefore, we can apply Lemma B.5, which gives

(x) =  inf /s inf By, [g:(s, a,w) + jer1(fe(s, a,w), 2)] d7.

FET (e,v) Jgx 7z a€A

At this point, we recognize that the term in the integral coincides with the Bellman recursion for j;:

Ji(s¢,2) = ait%fAEwt [9¢(S¢, ar, we) + Jep1 (fe(Se, ar, we), 2)] .

Hence,
Jt(,ut,V) S (*) = 1nf / ]t(S,Z)d:)/
el (ue,v) Jsx z
This concludes the inductive step and the proof of the theorem. O

Two comments on our proof are in order. First, while the proof follows the inductive strategy of the
proof of the deterministic separation in [27], there is a key difference: the next population state is
random and depends on the realized empirical noise kernel é ¢~ This requires various additional steps
(and preliminary lemmata) in the proof. All these steps trivialize in the absence of noise and, thus,
our proof recovers the deterministic separation in [27] when the dynamics are deterministic. Second,
our result is an upper bound on the cost-to-go function. Intuitively, this conservatism originates from
the following fact: The population state-action distribution can, in principle, choose future couplings
after observing this realization, while our upper bound posits that couplings are chosen before the
noise is realized, averaging over the kernel & (- | s, a). This is precisely where Lemmas B.3 and B.6
yield inequalities rather than equalities. In the deterministic case, all these steps trivialize and we
obtain equality as in [27].

We now prove Part II of the theorem.

Proof. For each time step ¢, consider the function

Klid(uov) = _inf / juls, 2)dby.
vel(pe,v) Jsxz

Let ¢ > 0. At each time ¢, we can construct a “separation-based” state-action distribution \; as
follows: given a population distribution /4, choose an 5-optimal coupling v; € I'(y, v) satisfying

. . . €
[ s < Klid(u) + o (13
SxZ
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and a universally measurable =-optimal action selector a5 : S x Z — A satisfying, for all (s, z),

E, [gt<s7a§(saz)vw) +jt+1(ft<s>a§(saZ)’w),z)] < jt(S,Z) + = (14)

2T

Formally, we have
SXZ

Af = (pI‘OJS ,af)#vf.
In words, this state-action distribution assigns agents to targets through ~; and controls the individual
agents through a$. Clearly, A € M (y1;). In the rest of the proof, we will show that A is e-optimal,
ie.,

AL AS .
J5(po,v) = Jp" (o, v) < Kljo)(po,v) +e. (15)

Before doing so, we verify well-posedness of all the objects. The 57-optimal universally measurable
selector a; exists by [31, Proposition 7.50], since the Bellman integrand in (14) is lower semianalytic
and nonnegative (see the induction argument in the proof of Part I). For the existence of the 5=-
optimal coupling we work as follows. Since j; is lower semianalytic (by backward induction on (2)),
the map v +— |, g 7 Jedy is lower semianalytic by [31, Corollary 7.48.1] (jointly in (p, ), as it does

not depend on ). Further, the set {(p,7) : v € T'(u, v)} is closed. Indeed, fixing v € P(Z), define

Gz = {(k,7) €P(S) x P(Sx Z) : v €T(n,v)}-

The maps Fs(y) = (projgxz)#fy and Fy(v) = (projgxz)#'y are continuous for the weak

topologies, being the pushforward under a continuous map. Hence,

Gz ={(1,7) : Fs(v) = py N {(1,7) : Fz(v) = v}.

The first set is the preimage of the diagonal in P(S) x P(S) under the continuous map (f,y) —
(1, Fs()), and the second is the preimage of the closed singleton {¢'} under the continuous map
(,7y) — Fz(7y). Since these spaces are Polish, the diagonal and singleton are closed. By continuity
of Fs and Fz, the set G is closed, hence Borel and in particular analytic. Thus, we can apply [31,
Proposition 7.50] to obtain the existence of a universally measurable map

c . ‘ ) €
P 2f ) € Tur) with [ s < Klil(uso) + o7
SxZ 2T
This shows the existence of a universally measurable selector +; (u). In particular, for fixed p,
~i(w) is a Borel probability measure, and Af is a well-defined Borel probability measure: it is
the pushforward of +; (;1) under the universally measurable map (projg*#, a$), which coincides

~i (1)-almost everywhere with a Borel map [31, Lemma 7.27].

We now turn our attention to the desired bound (15). We now show by backward induction the more

general bound

Tt
T

which, evaluated at time ¢ = 0, readily implies (15). The base case ¢ = 7" holds exactly by definition

of terminal cost and jr = gr:

< A AT 1 .
Jt (/J't’l/) = Jt (/Jtvl/) < ’C[Jt](/‘tﬂl/)'i_ & (16)

Jiurov) = Klor)(ur.v) = _in /S ar(s2)dy = Kljrl(ur.»).

el (pur,v)
Now fix ¢ < T and assume (16) holds at ¢ + 1. By the policy-cost recursion (which uses the
independence of the noise across time) and the induction hypothesis at ¢ + 1 applied inside the
expectation, with p = X§ ® £,

. T—-t—1
Ji (pe,v) < By, [/ 9¢(s, a,w)dp; + K[jeqr] (e, V)} t—p e 4D
SXAXW

Next, we define
% = (foldz) 4(o475) € P(S x 2)
where

.
. 25,05 (s,2

5 = (dsz,af) i @8 7 e P(Sx 2 x Ax W),
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and where we use the permutation
0 SXZXAXW = SXxAXxW xZ, o(szaw)=(saw,z2),
to “re-order” the marginals. (The gluing is well-posed: (s, z) — é i (52 is a universally measurable

kernel, as the composition of the field of Assumption A.1 with the universally measurable map
~s,a5(s,2)

(Idg, af).) Informally, 7 is the law of (f;(s, a5 (s, z),w), z) where (s, z) ~ 75 and w ~ &,
We now show 7 € T'(p¢41,v). Specifically, the second marginal is v, since the z-coordinate is
unchanged by ¢ and by (f;,Idz), and (projgxz)#fytE = v. For the first marginal, the (S x A x W)-
marginal of o475 equals pg, since the noise kernel depends on (s, z) only through the state-action
pair (s, aj (s, 2)), whose law under (Idsx z, af),7f is A by definition. Hence the first marginal of
i is frypi = pir1, completing the proof of 57 € I'(y1¢4.1, V). By definition of the infimum, we then
obtain

Kl (41,v) < /

S

~s,a7(8,2)

Jeaa (s, 2)d55 = / / Gear (fuls, a5 (5, 2), w), 2)dE0 " g
X Z SxZ JW

Taking expectations over the realized noise field and applying Tonelli’s theorem and Lemma A.10 as
in the proof of Part I (with A? in place of ),), we get

E,, [ [ s + Kliesi )G u>]
SXAXW

~s,a5(s,2)

< Em |:/ / gt(svai(svz)aw)+jt+1(ft(3aa§(572)7w)7z)d§t d’Yf
SxZ JW

/S | Bulon(s07 (5,9 0) + e (5,05 5,2 ), 2] .

Then, we use the 57-optimality of aj in (14) and of ~; in (13) to get

/ Eu [90(5, a5 (5, 2),w0) + joss (fo (5, a3 (5, 2),w), 2)] do
SxZ
x <Ge(s,2)+e/(2T)

€ € €
< j dvi+ — < KJ[j — .
— /;'ijt<572:) ’yt + 2T — []t](l’tt7y) + 2T + 2T
We can now combine this bound with (17) and get
. e T-—-t—1 . Tt
Ji (e, v) < Klje) (e v) + Tt ¢~ Kljel (e, v) + €.
This concludes the inductive step. The bound at t = 0 gives J§ (10, ) < K[jo](po,v) + €. O

Remark C.1 (Choosing € = 0 under stronger regularity). The proof of Part I only requires universally
measurable e-optimal coupling selectors, which exist under the lower semianalytic assumptions used
throughout Appendix B. Under the stronger assumption that the cost-to-go functions j; : § X Z —
R>( are lower semicontinuous and the spaces are compact, the infimum in K[j,](y, ) is attained
for each fixed (u, ) by the standard existence theorem for optimal couplings [46, Theorem 4.1].
This pointwise existence is, however, not sufficient to choose € = 0 in Theorem 3.1, Part II: the
construction requires measurable selectors of exact optimizers. These exist when all spaces are
compact, g:, g1, f+ are continuous, and &; is weakly continuous: then j; and the Bellman integrand
are lower semicontinuous by backward induction, and exact Borel minimizing selectors exist [31,
Proposition 7.33] (see also [32, Theorem 18.19]); the same argument applies to the coupling problem,
where p — I'(p, v) is a compact-valued continuous correspondence.

C.2  Proof of Corollary 3.3
(T—t)e

Proof. We construct, for every € > 0, an admissible separation policy whose cost is within =

of K[j](u,v). Since e > 0 is arbitrary, and .J}" is the infimum of the expected cost over all
admissible policies, the claim follows. We start by giving an -optimal separation policy 7, , which
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attains the upper bound. We then show that this policy is admissible, from which we directly obtain
the desired inequality.

To define 7g,, , we proceed as follows. First, since pY and vV are both empirical measures over
N atoms, the optimal transport problem K[j;](uY, v™V) is a finite-dimensional transportation linear
program. We work at the level of agent and target indices, i.e., we replace uN and vV by the uniform
measures on {1,..., N} and transport the cost ¢;; = ji(s},2?). With this identification, every
coupling between ¥ and vV can be represented by a matrix I' = (i5) Z]-Yj:l satisfying ~;; > 0,
SN v = Zjvzl 7ij = = equivalently, NT is doubly stochastic. By the Birkhoff-von Neumann
theorem [47] applied to NT', every such matrix is a convex combination of %—scaled permutation

matrices; since the objective is linear, the minimum is attained by a %—scaled permutation matrix.
Thus,

N
. 1 . . i _oe(i
Kl (ul¥, vy = N i ;]t(smz @),
where Sy denotes the group of permutations of {1,..., N}. Since Sy is finite and each map

s+ Zivzl j¢(s*, 27()) is universally measurable, a minimizing permutation o} := o7 (s;) can be
selected measurably (e.g., the first minimizer in a fixed ordering of Sy); write z;" = 29t () for the
target assigned to agent ¢. Given that agents are now assigned to targets, we can now consider the
single-agent optimal control problem from s to the corresponding target z*. Specifically, for ¢ > 0,
there exists a universally measurable -optimal action selector a;: S x Z — A, satisfying, for all
(s,2) e Sx Z:

B lg0(s,05 (5,2) w) + G (fe(s, 05 (5. 2), w). 2)] < Gi(s.2) + o5

At this point, we define the separation policy 7., , at time ¢. An agent at st executes the action
ag (st, z;°"). Informally, the optimal transport problem indicates the target, whereas the single-agent
optimal control problem determines the optimal action to reach that target. This policy is deterministic,
Markovian (it depends only on s;), and universally measurable, being the composition of a; with the

assignment map s; — (st, z.°"); hence 7¢,_ € II.
t tr ~t ’ sep

At this point, it suffices to verify that this policy yields the bound on the cost. In particular, we show

that the expected cost-to-go function under this policy, denoted by JtN (8¢, ), is upper bounded
as follows: Ty

IV (s ™) < KLY o) +
which gives the desired upper bound. We proceed by induction. The equality at time ¢ = 7' is trivial,
as the terminal cost does not depend on the policy but only on the terminal state. Suppose then the
statement holds at time ¢ 4+ 1. By the policy-cost recursion (using the independence of the noise
across time) and the induction hypothesis inside the expectation,

&,

JrT—t—l
—F¢
T

N

1 iod o, .

JtN’E(ShVN) S Ewt lN th(staatawt)+’C[Jt+1}(:u‘£\-]|-17yN)
1=1

N N
1 i i : . i i iy Lo (i
- NE“H ;gt(sivaivwz)+af,JIrIlH€I}9N;]Hrl(ft(st?amwt)vz * ())]
T—t—1
—=¢
T
N
1 i . T N T—-1-1
< N;Ewg {gt(stvatth)+]t+1(ft(stvatth)ﬂz t()) +?E
N
1 . 7 O'*’Z g T_t_l
S 2t 2O

Q
Il
_

N
1 . . Z U'Z Tit
= Ng%ls‘izi,lﬁ(st’z )+ e
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where the first inequality combines the policy-cost recursion with the inductive assumption, the
second inequality follows since oy is a potentially suboptimal permutation for the assignment at time
t + 1, the last inequality follows from the -optimality of the action selector a7 used by the policy
Téep,¢» and the last equality follows from the definition of o;. Note that the expectation step above
only uses the marginal law w{ ~ &(-|si, at) of each agent’s noise together with the linearity of
expectation; it is therefore valid under all noise models considered in this work (individual, local, and
global), regardless of the correlation of the noise across agents. This gives

‘ | Tt
T (s, ) < Kl (Y, o) +

T
which completes the induction.

&,

Since £ > 0 is arbitrary, and J} is the infimum of the expected cost over all admissible policies,
letting € | 0 gives
I (s0,™) < Kl (', v™).
O

D Quantifying the tightness of the optimal transport upper bound

The inequality in the proof of Theorem 3.1, Part I emerges from the fact that we remove the
dependence of the target assignment on the realized noise. More precisely, we first apply Lemma B.6
to remove the transport plan dependence on the noise in the term (*) of (12), and then apply
Lemma B.3 to allow the transport plan to be chosen before the noise is realized. In this section, we
quantify the loss introduced by these two steps.

Throughout the appendix, we retain Assumptions A.1 and A.2 and write é .= (f e for the

" e
realized noise field. Recall that Assumption A.2 reads

o | [ o0 w)] = [ etwpiewls.a

for every bounded Borel function ¢ and almost every (s, a). By truncation and monotone convergence,
the same identity holds for every nonnegative Borel ¢, which is the form we use below.
Assumption D.1 (Lipschitz single-agent cost-to-go). Equip .S with a metric dg. We assume that for
every 7 € {1,...,T} and for some L, < oo,

|j-,—(5,2’) —jT(S/, Z)‘ < LTdS(SaSI) (18)
forall s,s’ € Sand z € Z.

We need the constant to be uniform in z because the target assigned to an agent may itself be
reassigned once the noise has been observed. The assumption holds, for instance, whenever all the
underlying spaces are finite and the single-agent cost-to-go functions are finite-valued.

For each 7 < T, we measure the spread of the transition by

D,:= sup / ds(fr(s,a,w), fr(s,a,w))dé-(w| s, a)dé (W] s,a), (19)
(s,a)eSXAJWXW

that is, by the expected distance between two conditionally independent next states generated from
the same state-action pair. We assume throughout that D., together with the expectations and
transport costs appearing in the comparison below, is finite. This is the case, for example, when
w — f(8,a,w) is Lipschitz uniformly in (s, a), the nominal kernels have uniformly bounded first
moments, and K[j,](u, V) < oo, or more simply when all the underlying spaces are compact and
data are continuous.

For the following analysis, it is convenient to write the recursion (4) in operator form. For a next-stage
function F and p} :== A ® ., we hence set

T.-F)(u,v) = inf ET[/ Ts,a,wdi‘s,a,w + F(f: 7)_‘,1/ ,

(T F)pv)i= dnl B | [ g7(s,0,w)dpr(s,a,0) (frap?,v)

so that J. = 7;J;41 by (4). The population Bellman operator 7 satisfies the monotonicity and
constant-shift properties that are standard for dynamic programming operators [31, Ch. 8]. More
precisely, the following lemma holds.
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Lemma D.2 (Monotonicity and constant shift of the population Bellman operator). Let F), F: P(S) x
P(Z) — R be universally measurable and bounded below, and let ¢ € R. Then

(i) F < ﬁpointwise implies T, F < ﬁﬁ'p()intwise;
(ii) T-[F +c] =T [F|+c

Proof. Both properties are immediate from the definition of 7 the next-stage function enters the
right-hand side additively and monotonically, while a constant depends neither on the realized next
population nor on J, so it factors out of the expectation and out of the infimum. The argument uses
only the structure of the definition. O

Finally, we also recall that

Kl = nt [ il 2l ).
vel(wv) Jsxz

Here, y assigns the mass in the current state distribution p to the target distribution v, and j, (s, z) is

the single-agent cost associated with each state—target pair. This assignment is made before the noise

at time 7 is observed. In contrast, 7, [K[j1]] assigns targets after the realized noise has determined

the next population. The difference in (20) is the cost of not being able to use that realized noise

when assigning targets.

Lemma D.3 (One-step Bellman defect). Under Assumptions A.1, A.2, and D.1, for every 7 < T,
w€ P(S), and v € P(Z), it holds that

0< ICUT](/’LaV) - ﬁ[K[JT-&-lH (M7 V) < LT+1DT- (20

Proof. Throughout this proof we abbreviate the state-action pair as © = (s, a). We start by showing
that the two quantities in (20) have the same expected stage cost. As a consequence, we only
need to compare how the next-stage single-agent cost-to-go j-+1(f-(s,a,w), z) is minimized in
the two transport problems. In K[j,](u, v), the target assignment depends only on z, whereas in
T:K[jr+1]] (i, v) it may also depend on the realized noise. The second minimization is therefore
over a larger set of assignments and cannot have a larger value. In the following proof, we show that
the difference between the two values is at most L1 D.

Step 1: Define the two next-stage transport problems. Fix A\ € M (u). If the target is assigned
using z alone, the expected next-stage cost-to-go is

AT()\) = inf / / j7+1(f7(s,a,ﬁ)),z)d&(1b|I)d’y(z,z).
(SxXA)YXZ JW

yEDL(A,v)

Here, the plan v assigns a target z to each x = (s, a), and only after the noise w is drawn from the
nominal kernel. Hence, this target assignment does not depend on .

On the other hand, if the noise field is observed before the target is assigned, the transport plan may
couple the target with the full pair (z,w). For a fixed realization of the noise field, the smallest
next-stage cost-to-go is then

A= ot (F (5, 0,w), 2)dy (2, w, 2).
¥ ELAREL W) J (Sx A)xW X Z

. . 2T .
Indeed, since the first marginal of ' is A ® &_., the transport plan v assigns a target after both = and
its realized noise w are known.

Step 2: Decompose the transport cost. We now verify that these two quantities are exactly the
next-stage terms that appear in (20). We begin with K[j,](u, v). Define

er(s,0,2) = / 97 (8,0,0) + a1 (fr(s,0,w), 2)dé; (w] 5, a).
w
By the single-agent Bellman recursion we have

jo(s:2) = inf er(s,a,2),
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and plugging it into the definition of the transport cost gives

Klj-|(p,v) = inf /S inf ¢, (s,a,z)dy (s, 2).

el (u,v) Jgxz a€A

The function ¢, is lower semianalytic under the conventions of Appendix B, therefore we can apply
Lemma B.5. In particular, for every fixed v; € I'(u, v

inf ¢, (s,a,z)dvyi(s, z / /cTsazda dvq(s, 2).
/suaeA (o229 = B Joes s

Here, a®** is a Borel kernel that chooses an action for each state—target pair. Now, the pair (1, %)
defines a measure «y on (S x A) x Z by

dvy(s,a,z) = da®?(a)dyy (s, 2),

and we can rewrite its marginals in the form used by the population Bellman problem. To do so,
let A be the (s, a)-marginal of . Since the state marginal of 71 is u, the state marginal of X is also
i, and therefore A € M (). Combining this with the fact that the target marginal of v is v, we
obtain v € T'(\,v). Conversely, from every pair consisting of A € M (u) and v € T'(\,v), we
can obtain a coupling v; € I'(u, ) by taking the (s, z)-marginal of v, and a Borel action kernel
a®* by disintegrating v with respect to (s, z). Therefore, optimizing over (y1, a®?) is equivalent to
optimizing over A € M (u) and v € T'(\, v).

The transport problem can therefore be written as

K.T,:.f inf Ta7d7a'
)4t v) gﬁm%%mﬂémﬂcwa@v@aa

The outer infimum chooses an admissible state-action distribution A, while the inner infimum assigns
its mass to the target distribution v.

We can now expand the integral of c,. Since the stage cost does not depend on the target z, its integral
depends only on the (s, a)-marginal A. We denote it as

=Lwﬁwmmwmwmﬂm.

Therefore

[ elsandies) - / [ e (e (s.0010). ) 0 ). ).
(SxA)xZ SXA)XZ

For a given A, the first term is fixed. Minimizing the second term over v € I'(\, v) gives A, (), and
minimizing again over A € M (u) gives

IC[ .T](:ur V) = )\Ei]IVlfi;u) {GT(/\) + AT(/\)} . (21)

Step 3: Decompose the population Bellman term. We now turn to the second quantity in (20).
From the definition of 7,

T [Klj7all(1, v)

= ,\elAI}[f(n) E,. [/SXAXWgT(&a,w)d()\ ® 57) (z,w) + Kljrp1](frpA @ &,,v)

We look at the two terms in the expectation separately. The expectation of the stage cost can be
rewritten using Assumption A.2 as

B[ aawd(ied) @o) =60,

For the transport term, we fix A € M (1) and a realization of the noise field. Since the term couples
the next-state distribution f7 , A ® § f with the target distribution v, we can apply Lemma B.1. The
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lemma allows us to describe the same transport problem before applying the dynamics by coupling
(z,w) directly with a target z and evaluating the cost at the resulting next state f, (s, a, w). By doing

so we directly obtain A, ()\; €, ). In particular, we have

’C[jT"!‘l](fT#)\@givu) = ianm / j7+1(f7(s,a,w),z)d'y’(:c,w,z)
Y ET(ARE V) J(SXA)XW x Z

= AT ()‘7 é‘r) .
Substituting these two equalities into the definition of 7, gives

Tkl () = inf {Gr(0) + By, [A- (0]} (22)

AeM ()

Step 4: Compare the next-stage costs for a fixed \. Now, since (21) and (22) contain the same
stage-cost integrals G- (\), it is enough to show that, for every A € M (u),

0< A, (\) —E,. [AT(A;éT)} < LoD, (23)

Indeed, after adding the common stage-cost term, the inequalities remain valid for every A, and taking
the infimum over A € M (p) gives (20).

Upper bound. We first prove the upper bound. Fix a realization of the noise field and take any ~’
admissible for A.(\;¢,). Since # = (s,a) and the (x, z)-marginal of 4/ has marginals \ and v,
respectively, it is admissible for A (). We can therefore evaluate A, () at this (z, z)-marginal and
draw @ independently from & (- | ), which gives

AT(A)S/ / jT+1(fT(S7a7u~))7z)d€‘r(u~)|x)d7/(x7w7z)
(SXA)XWXZ JW
S/ jT+1(fT(s,a,w),z)d'y’(x,w,z)
(SxA)XxWxZ

tho [ [ st a ). oo a @) de @10 a3 8) (),

where the second inequality follows from Assumption D.1.

Looking at the obtained upper bound, we can observe that the first integral is the value of a fixed '

in the definition of A, (); é ). The last integral, instead, does not contain z, and so does not depend
on how 7/ assigns targets. We can therefore minimize over v’ and obtain

A-() < A (X 65)
+LT+1 /(SXA)XI/V/W ds(fT(s,a,w),fT(s,a,ﬁ))) df‘r(ﬁ)‘x)d()‘(ng) (1’711])

Averaging over the noise field and applying Assumption A.2 to replace éj by &-(-| x) in the last
integral gives

E

" /(SXA)xW/st(fT(s’a’w)’fT(S’avd’))dfr(ﬁ)|m)d()\®§T) (x,w)]

:/ / dS(f-r(&a,’lU),f-,—(&a,ﬁ)))dST(w|x)d€T(ﬁ}|x)d)\(x)
SxAJWXxW

SDT?

where the last inequality follows from the supremum in (19). We have therefore proved the upper
bound

A0 By, [4:(068,)] + Loy Dy
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Lower bound. For the lower bound in (23), fix any v € I'(\, v). After the noise field is realized, we
can couple this plan with the realized noise kernel by setting

d’yéT (z,w,2) == dvy(z, 2)dE. (w).

The resulting plan is admissible for A, (X; &) since its (z, w)-marginal is A ® fi, because the -
marginal of y is A, and its target marginal is v. Evaluating the infimum at this plan, averaging over the
noise field, and then applying Lemma A.10 with (z, z) as the base variable and j,11(f- (s, a,w), z)
as the cost, gives

K, {AT()\;&)} <E,,

/ Jrat (fT(s, a,w), z)d’yé (z,w,z)
(SXA)xWxZ T

=l/‘ L/'j7+1(ﬁ4s,a,ao,z)dafub|x>dv<x,z»
(SxA)YxZ JW

The right-hand side corresponds exactly to the value of the fixed +y in the definition of A, (\), and,
since the inequality holds for every v € I'(\, v), minimizing over ~y yields

Ey. [A-(€,)] < A-0).

Step 5: Return to the two Bellman quantities. This proves (23). To conclude, for every A € M (u),
adding the common stage-cost expectation to (23) gives

G (V) + By, [A, (0] < G- + 400

<G\ + By, [A-(5E))] + Loy Dy
Taking the infimum over A in all three terms and using (21) and (22) gives exactly (20). O]

Lemma D.3 bounds, for one time step, the difference between assigning targets before and after
the noise is observed. Applying this bound successively from time ¢ to time 7" — 1 gives the total
difference stated in the following theorem.

Theorem D.4 (Quantification of the separation gap). Under Assumptions A.1, A.2, and D.1, for
everyt € {0,...,T}, every u, € P(S), and every v € P(Z),

T—1
0 < K[jel (e, v) = Je(pe,v) < Lrga Dy (24)
T=t

Proof. We proceed by backward induction. At the horizon the two sides agree, since jr = gr and
therefore K[jr](p, v) = Jr(p,v). Assume next that (24) holds at time 7 + 1, pointwise in the
population and target distributions, so that
T—1
0 S ’C[jr+1] - J‘r+1 S Z Lr+1Dr~
r=7+1

Since 7 is monotone and commutes with the addition of constants by Lemma D.2, applying it to
both sides gives

T—1
0< 7;[’(:[]7+1]] - 7:'JT+1 < Z LrJrlDr- (25)
r=71+1
We can now compare K[j,] — J,. In particular, using J, = 7, J 1 and (20) and (25), we obtain
0< K[j'r] —Jr
< (Klj7] = T2 [Kljrsal]) + (T2 [Kjrsall = T2 J741)
T—1 T-1
<LraiDr+ ) LesiDr =) LoDy,
r=71+1 r=T7
which is (24) at time 7 and completes the induction. O
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Corollary D.5 (Finite-agent consequence). Let s; = (s},...,sY) € SN be the agent states at time
t, with empirical distribution p¥ = % Zivzl d:, and let vN be an N-atom target distribution as in
Corollary 3.3. Under the assumptions of Theorem D.4, it holds that

T—1
0 < K[l (Y, v™N) = IV (s1,0N) <> Loy Dy (26)
T=t

Proof. Every finite-agent policy induces an admissible empirical population control, so the population
problem is a relaxation of the agent-based one. Together with Corollary 3.3, this gives

Jt(:uzjﬁva VN) S JtN(Stv VN) S K[Jt}(:uzjﬁva VN)'
Subtracting the middle term from the transport cost and applying (24) at (u¥, V) yields (26). [

Interpretation. The two sides of (20) differ because the population Bellman recursion may reassign
targets after seeing the realized next population, whereas the transport bound commits to an assign-
ment before the nominal noise is integrated. The bound in Theorem D.4 gives a clear interpretation
of this loss. In particular, L, ; measures how sensitive the remaining cost is to a displacement of
an agent, while D, measures how far the noise can push apart two agents that start from the same
state-action pair. The gap therefore closes for deterministic dynamics, and more generally whenever
the optimal assignment does not depend on the realized noise.

Bounding the dispersion term. The definition of D, involves the distance between next states.
This quantity can be bounded directly in terms of the noise when W carries a metric dyy and the
dynamics are K ,-Lipschitz in their noise argument, uniformly in (s, a):

dS(fT(S7 a, w)7 f‘r(57 a, ﬁj)) < KTdW(w7 QI))
Indeed, applying this inequality to the two independent noise draws in the definition of D gives

D, < K, sup ]EET(~ | 5,a)®2 [dw(’wT, 'LI}.,—)] .
(s,a

If W is also a normed space and the conditional mean exists, we can apply the triangle inequality
through that mean and, since the two noise draws have the same conditional distribution, obtain

D; < 2K, sup Ee (150 [[[wr —Ee (s [wr]]]]-

Finally, for additive dynamics f,(s,a,w) = fr(s,a) + w, with S and W carrying the same norm
metric, the distance between the two next states is exactly ||w — w||, and the first estimate holds with
equality and K, = 1.

Tightness. We here show through an example that the linear dependence on D, in Lemma D.3
and Theorem D.4 cannot be improved without further assumptions.

Example D.6 (The linear coefficient is tight). Let 7 =T — 1, A = {0}, and S = Z = {0,1},
equipped with the discrete metric. Set zero stage cost, and the following terminal cost and dynamics:
gT(st):|s_Z|7 fT(S,a,’LU):U),
where w ~ Bernoulli(%). Consider an infinite population and use the individual noise model in
Example A.5. Suppose that initially the population is concentrated at s = 0, hence . = dy, and the
target distribution is selected as v = %60 + %51. Before the noise is observed, the only possible
coupling assigns half the mass to each target. Moreover, since the next state equals w regardless of

the current state, the single-agent Bellman recursion gives
Jr(0,2) = Eu [lw — 2[] = 310 — 2[ + 3|1 = 2| = 3,
for every z € Z. Hence j;(0,0) = j-(0,1) = 3, and

Kljrlmv) = 5.

After the transition, on the other hand, the realized population is exactly v, and the population
Bellman step matches equal states and targets at zero cost:

T [Klr]) (4, v) = 0.

Since Ly = 1 and two independent Bernoulli(%) draws differ with probability 1/2, we have
D, = 1/2, so equality holds in (20).
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E Robustness to weakly coupled dynamics

In this appendix, we study what happens when the separation-based policy is applied to a model in
which the agents are weakly coupled, that is, a system whose dynamics and stage cost may depend
on the current population distribution. Since the separation principle of Section 3 requires decoupled
agents, we construct the policy from a decoupled surrogate model, deploy it in the coupled system,
and bound the resulting loss of optimality. Because the admissible controls remain M (1) in both
models, the following result covers soft population effects, such as congestion or queueing, but not
hard capacity or collision constraints that change the set of feasible controls.

Models and assumptions. Throughout the following appendix, we denote the decoupled surrogate
with a superscript D, so its dynamics, stage cost, single-agent value, and population cost-to-go are
written as

fTD(S7 a” w)7 g7‘D(87 a7w)7 ]TD<S7 Z)) JTD<M7 V)
The corresponding quantities for the coupled model are denoted by a superscript C":

fE(s,a,pw), ¢S (s,a,pw), I ().

Here, the dynamics and stage costs also depend on the population, so there is no direct counterpart
of jP. Indeed, because f¢ depends on i, the cost-to-go of a single agent cannot be defined
without fixing the trajectory of the population. At the terminal time 7', we denote by J& (11, v) the
terminal objective, evaluated at the terminal fleet state p and target distribution v. Apart from the
population dependence displayed above, the two models share the same basic setting. The models
have the same state, action, noise, and target spaces, the same nominal noise kernel, and the same
admissible controls M (1). We also drive them with the same realized noise field, which satisfies
Assumptions A.1 and A.2, so their next populations are

CA . D .
Hry1 = fTC(a s ’)#Pi\a Hryr = ff-j#/)i\a 27

where p? ==\ ® é j’a denotes the joint state-action-noise distribution for a fixed population y and a
control A € M (u). Finally, the terminal objective of the coupled and decoupled models is common
and denoted by

I (1, v) = JF (n,v) = Klgr](p, v). (28)

We next specify how far the coupled model may be from the decoupled one at each time step.

Assumption E.1 (Bounded one-step model mismatch). Fix a reference point sg € S and assume that
every population distribution . € P(S) at which the coupled and decoupled models are compared
below has finite first moment,

/ ds(s,s0)dp(s) < oo.
s
For every 7 < T, let ef , 0 > 0 be constants such that the following hold:

(1) Dynamics mismatch. When the coupled and decoupled dynamics are evaluated at the same
state, action, and noise, their outputs satisfy

ds(f7 (5,0, p,w), 7 (5,0,w)) < (29)
uniformly in € P(S) and (s,a,w) € S x A x W.

(ii) Stage-cost mismatch. The expected stage costs, evaluated at the same population and the same
admissible state-action distribution, satisfy

E,. [/ (95 (s, a, p,w) — g2 (s,a,w)) dp(s,a, w)] ‘ <9 (30)
SXAXW

uniformly in p € P(S) and A € M ().

These two constants control the two parts of one Bellman step. Indeed, ¢ bounds the difference in
the current stage cost, while si bounds the difference between the next populations.
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Note also that condition (30) is satisfied if there exists a pointwise bound |g¢ —gP| < §.. Additionally,
for a fixed initial population, then it is sufficient that (29) and (30) hold on the population states
reachable in the models.

These one-step bounds enter the comparison through the Bellman recursions. Recall the Bellman
operator 7T introduced in Section D. We now rewrite the two population recursions, for the coupled
and decoupled models, in a common form. For m € {C, D}, define

(T"F)(p,v) = inf E,_ {/ g™ (s, a, p, w)dpd (s, a,w) + F(uTjr)‘hl/) ,
AeM () SxAXW

Here and below, we use the convention g (s, a, u,w) = gP(s,a,w), thus neither f2 nor g”
depends on the population argument. With this notation, we have the Bellman recursions J* =
T J™ . In particular, TP = T, since the decoupled stage cost and dynamics are exactly the data
g- and £, used to define 7; in Section D, so every result proved there for 7, applies verbatim to 7.7,
Additionally, if 7 is a feedback policy with 7, (1) € M (1), we drop the infimum and denote the
same expression evaluated at A = 7, (u) as

T ) =B [ e o) + PG 0)
SXAXW

The cost of this policy satisfies
TR =Klgr), TP = TR

The next-stage terms in these recursions may be evaluated at different population distributions, so
to compare those distributions, we use the 1-Wasserstein distance induced by dg. Explicitly, for
any u, v € P(S) with finite first moments, the 1-Wasserstein distance induced by dg is denoted by
W1 (p, v) and defined as

Wi(p,v) = inf /Ssds(s,é)dq(s,w).

g€l ()

A direct consequence of this definition that we will use later is the following estimate that bounds the
Wasserstein distance between two pushforwards of the same measure.

Lemma E.2. Let U be a measurable space, let p € P(U), and let F,G: U — S be measurable.
Then

Wi (P, Gpn) < [ ds(P(w). Glu))du(w). G31)

Proof. Consider the coupling gr.¢ = (F, G)xu, where (F, G) maps u to (F(u), G(u)). Its first
marginal is Flu 1, since for every Borel set A C S,

ar.c(A % S) = u(F~H(A)) = (Fgpu)(A).
The same argument shows that its second marginal is Gy p, s0 ¢r.¢ € I'(Fup, Gy p). Evaluating
the definition of W at this plan and applying the change-of-variables formula for the pushforward

qr.c = (F,G)xn gives
Wi(Fyp, Gup) < / ds(s,s)dgr,c(s,s)
SxS
= | ds(F (), Gw)duu)

O

In other words, when two distributions are obtained from the same measure through two different
maps, their Wasserstein distance can be bounded by comparing the outputs of the maps pointwise.

It remains to relate this distance between populations to the next-stage cost. To do so, we assume
that the decoupled single-agent cost-to-go j2 satisfies Assumption D.1, with constants L., and use
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D, (19) for the dispersion of the decoupled dynamics f”. As in Appendix D, we assume that all
transport costs appearing below are finite.

We can now proceed with the study of the robustness of the separation-based policy. The first step
is to show that the transport cost is Lipschitz in the population distribution. This will allow us, in
Lemma E.4 below, to turn the state mismatch in (29) into a bound on the next-stage cost.

Lemma E.3 (Population sensitivity of the transport cost). Suppose Assumption D.1 holds for jP
with constant L. Then, for every T € {1,...,T}, every p, i € P(S) with finite first moments, and
everyv € P(Z),

(LR (s v) = KPR, v)| < LeWa(p, ). (32)

Proof. The proof consists of transferring a nearly optimal target assignment for x4 to . Fix ¢ > 0.
By the definition of the transport cost and the Wasserstein distance, we can choose 7. € I'(u, v) and
ge € T'(u, it) such that

/ JP(s, 2)de(s, 2) < K[P)(u,v) + e,
SxZ

/ ds(5,3)dge (5,5) < Wi (u, i) + <.
SxS

Since the two plans have the same s-marginal p, the gluing lemma gives a measure . on S X S X Z
with (s, z)-marginal 7. and (s, §)-marginal ¢.. Note, in particular, that its (5, z)-marginal couples 1
with v, so we can use it in the transport problem for K[j2](ji, v/). The first inequality below evaluates
the transport cost at the (5, z)-marginal of r., the second applies (18) pointwise, and then we use the
(s, z) and (s, 5)-marginals of 7. to separate the two integrals:

KUPKmu>g/“ §P(3, 2)dre(s,3, 2)
SxSxZ

< / [52(s,2) + Lrds(s,3)] dre(s, 3, 2)
SXSXZ
(33)
[P+ L [ ds(s.5da(5)
SxZ

SxS
< KPR pov) + e+ Lo (Wip, i) +¢)
= K[iP)(p,v) + L Wi (p, i) + (1 + L, )e,

where the last inequality uses the two e-optimality bounds in the choice of 7. and ¢.. Since the
construction holds for all ¢ > 0, letting € | 0 gives

K[]?](ﬁ’ V) - ’C[ TD](M? V) < LTWI(Mvﬁ)
Exchanging the roles of 1 and i throughout the construction above, that is, choosing 7. € T'(j1, V)
that is e-optimal for K[j](i, v) and . € T'(jz, u) that is e-optimal for W (fz, 1), and then repeating
the gluing step and (33) with s and s swapped, gives

ICUTD](/% V) - IC[]TD](ﬁv l/) < LTwl(ﬁ’ /L)

Since W1 (11, 1) = Wi (u, 1), the two bounds give (32). O

Lemma E.3 allows us to compare one Bellman step in the two models. To do so, we first keep the
control ) fixed, so that the only differences come from the stage cost and the next population, and
then minimize over \.

Lemma E.4 (One-step model perturbation). Under Assumptions A.1, A.2, D.1, and E.1, for every
7 < T, every u € P(S) with finite first moment, every v € P(Z), and every admissible feedback
policy m,

|T [ TD+1H (/l, v) — TD I:Ic[j7'D+1]] (M7l/)| < dr +LT+1€£’ 4
I TETKLZAL) (o) = TP RGP (100)] < 6 4 Lesael (9
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Proof. Step 1: Compare the next populations for a fixed control. Fix A € M (1) and a realization
of the noise field. By (27), we can obtain the two next populations by pushing forward the same
state-action-noise distribution p, once through f¢ and once through f2. We can then apply (31)
with g = pX, F = f€(-,-,,-), and G = fP and obtain

Wi (uS w2 < / ds (€ (s, a,p,w), fP(s,a,w)) dp2(s,a,w) < el. (36)
SxXAXW

The last inequality follows directly from the uniform dynamics-mismatch bound (29) in Assump-
tion E.1.

Step 2: Compare the next-stage transport costs. For the fixed realization of the noise field selected
in the previous step, Lemma E.3 applied at time 7 + 1, together with (36), gives

D CA D DX CA |, DA
Kzl (e, v) = Klimal (e, V)‘ < LraiWn (Mr+1vMT+1) < Lryael.
Since this bound holds for every realization of the field, we can average it out and obtain

B, [ ’C[jv'D+1](u$:|->\17 v) — ’C[j7-D+1](M7L—)-;-)]i7 V)H < Lryiel.

Step 3: Add the stage-cost difference. By (30) in Assumption E.1, the absolute difference between
the two expected stage costs is at most ¢,-. We now add this difference to the difference between the
next-stage transport costs. The triangle inequality and the estimate from Step 2 give

EUT[/ (QTC(Sva’Maw) - gf(s,a,w))dpﬁ(s,a,w)
SXAXW

KR EA ) = KL, uﬂ

(37
<

B[ ) - o) dndea)||

By, |12 v) = K2l )|

< 67' + LT+1€£'

Step 4: Pass to the Bellman operators. By linearity of expectation, one of the two one-sided
inequalities implied by (37) is

E

nr

/ 9% (5, a, p, w)dpd (s, a, w) + K[GPL ) (1€, V)]
SXAXW

(38)
<E

> L, + 57’ + L‘r+1€£-

/ 6P (s, a,w)dpA(s, a,w) + K[P, ) (421}, v)
SxXAXW

The left- and right-hand sides are precisely the fixed-control objectives minimized in the definitions
of 7.¢ and TP. Since (38) holds for every admissible )\, we can take the infimum over the controls
in M (u) on both sides, and obtain

T K2 (e v)

. . C,A

= nt Byl [ (e m il a.w) + KGE)0 )
AEM (1) SXAXW

< inf R, / g2 (s,a,w)dp} (s, a,w) + K[G2 (1 v) | + 67 + Lrgael
AEM (1) SXAXW

= T2 [Kli7l] (. v) + 67 + Lryael.
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Similarly, taking the infimum over M (1) in the reverse fixed-control inequality of (37) gives the
other one-sided bound

TP IKUP ) (o) < TE LR (1) 467 + Logaeh

Combining these two inequalities proves (34). Finally, for the fixed-policy operators, it is enough to
evaluate the same objectives at the same control A = 7, (u). Indeed, substituting this value into (37)
gives directly (35). O

The separation-based policy. We now construct the separation-based policy from the decoupled
model, following the same steps as in Section 4 and Theorem 3.1, Part II. We will then evaluate this
policy in the coupled model, so to bound the performance loss due to the model mismatch. Briefly,
the policy construction proceeds as follows: at an observed population p, the policy first chooses a
0 /2-optimal target assignment v? € I"(u, v) for the decoupled transport problem, so that

. ) 0,
[ Pt anls2) < KU r) + 5 (9)
SxZ
It then chooses a measurable action a? (s, z) whose single-agent cost is within @, /2 of the decoupled
optimum. Writing a = a? (s, ), this means that

6
/W [97 (5 0, w) + 3741 (£ (5, 0,w), 2)| dér (w ] 5,0) <57 (s, 2) + 5 (40)

Since this inequality holds for every (s, z) € S x Z, the target plan and the selected actions together
induce the following population control

Toepr (1) = (proje*?,a?) .72 € M(p). (41)
6

Note that the control 7g,, . (1) is a measurable map from the population space to the set of admissible
controls, as required by the definition of a feedback policy. The construction ensures that the policy is
well-defined and can be implemented in practice, as it relies on measurable selections of near-optimal
target assignments and actions. The two errors of size 6, /2 add up to the per-stage tolerance 6. If,
additionally, the target plan and the actions can both be chosen as measurable exact minimizers, then
the construction holds when we take 6, = 0.

Finally, recall that p} was defined immediately after (27), for every A € M (), as the corresponding

state-action-noise distribution. Since erp)T(u) € M (u), we can apply that definition with \ =
6

Wgepﬁ(u), obtaining pzsep”(“).

Before evaluating this separation-based policy in the coupled model, we show that when working

in the decoupled model, one Bellman step under this policy costs at most the decoupled transport

surrogate plus 6. This is the estimate that will enter the backward argument of the main theorem.

Lemma E.5 (One-step bound for the separation-based policy). Under Assumptions A.1 and A.2, the
separation-based policy defined by (39)—(41) satisfies, for every T < T, every p € P(S), and every
v eP(Z),

T2 (K2 (1) < KLP) (1, v) + 6, “42)

Proof. Step 1: Lift the policy to a measure on (s, z, w). We start by fixing x and a realization of
the noise field and, to obtain an admissible target assignment at the next time, we keep the target
attached to each state while the state moves according to its selected action and noise. More precisely,
consider the measure

6
0 18,0, (8,2)
a2 (s, 2)dér """ (w)
6
on (s, z,w). It generates the same state, action, and noise distribution piﬁep‘(“) as the separation-

based policy. More precisely, for every nonnegative measurable function hon S x A x W,

71'9
/ h(s,a,w)dpﬁew(u)(s,a,w)
SXAXW

0 (43)
= / / h(s,ag(s,z),w)déi’af(s’z)(w)d'yf(s,z).
sxz Jw
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Indeed, (41) says that applying (s, 2) — (s,a’(s, 2)) to 7¢ gives the state-action distribution chosen
6

sep, (1)

by the policy. Adding the realized noise kernel then gives p: , which proves the identity. Step
2: Build a feasible next-stage transport plan. We now push the measure on (s, z, w) forward under
the following map:
(5, 2,w) = (fP (5, 0%(s,2),0), 2).
6

Its first marginal is y?ﬂse‘”(m by (27) and the identity (43), while its second marginal is v, because
the map leaves the target coordinate unchanged. The pushforward is therefore an admissible coupling
in the transport problem

) Dyl (1)
KEEA (e v).

Hence, this coupling handles the next-stage term of the Bellman objective, it remains to show that the
coupling also accounts for the current stage cost. To do so, take & = g2 in (43) and write the stage
cost using the same measure on (s, z, w):

0
/ g2 (s, a, w)dpzmp”(”)(s, a,w)
SxAXW

As,af(s,z)
— [ ] Pt w)ad T it ).
SxzZ JW

Thus, both parts of the Bellman objective can be bounded using one integral with respect to the
measure constructed above.

Step 3: Bound the cost of this coupling. We now combine the two parts of the Bellman objective
and use the near-optimality of the target assignment and the actions to bound the total cost. Start by

. . Dl . . . .
observing that the next-stage transport cost K[, ;](x ﬂ‘ > (#), v) is the infimum over all admissi-

ble couplings, so evaluating it at the coupling just constructed gives an upper bound. Consequently,
for the fixed realization of the noise field in the previous step, and writing a = a? (s, z), the Bellman
objective of the separation-based policy is bounded by

70 - (18) . Dl (1)
[ aPlsawdt s, + K2l )
SXAXW

< / / [0 (5,0, ) + 7Py (F2 (5, 0,w), 2)] A& () dr (5, 2).
SxZ JW

Since this holds for every realization of the noise field, we can take the expectation with respect to the
noise field and then replace the realized noise kernel by the nominal one via the averaging property in
Lemma A.10, applied with (s, z) as the state variable and with the action fixed by a% s, z). Note that
this step is feasible because +? and a? are chosen before the noise field is realized and therefore do
not depend on it. Recognizing the Bellman operator of the separation-based policy, we obtain

D77rgcp -D
7:' [’C[]T-&-lu (/,L’I/)
T oepr (1) ) Dl (1)
—E, / 6P (s, a,w)dprr ¥ (s, a,w) + KL )l W) 1)
SXAXW

< El /S y /W (62 (5,a,w) + 7Py (f2 (5, 0,), 2)] déi’“<w>dvf<s,z>]

— [ ] [P s 0w+ B (£ s aw).2)] d(w] s, ) s, ),
Sxz JW
where the last equality is exactly the application of Lemma A.10 with the expression in square
brackets as the cost.
By (40), the inner integral is at most j? (s, z) + 6, /2. Therefore,

771'fep . . 97‘ .
T K02 ) < [ 2660+ 5| ns.2) < KLl + 6.

where the last inequality uses the near-optimality of the target assignment in (39) to contribute another
6. /2. This is exactly (42). O
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The previous lemma controls the cost of the chosen policy relative to the decoupled transport surrogate.
To compare that surrogate with the decoupled optimal Bellman step, we also use the result proved in
Appendix D. In particular, applying Lemma D.3 to the decoupled model gives

0 < K[ v) = TP [Kli24]) (1w v) < Lrga Dy (44)

We now have the three one-step estimates needed to derive the full performance bound. (i) Lemma E.5
controls the separation-based policy in the decoupled model, (ii)) Lemma E.4 transfers a Bellman
step between the coupled and decoupled models, and (iii) (44) compares the decoupled transport
surrogate with the decoupled optimal Bellman step. The theorem below accumulates these errors
over the remaining time steps.

Theorem E.6 (Performance of separation under weak coupling). Consider the coupled and
decoupled models defined above. Assume that the field satisfies Assumptions A.1 and A.2, that
the decoupled single-agent cost-to-go satisfies Assumption D.l with constants L.., and that
Assumption E.1 holds with constants 5{ and 6,. Let erp be the policy defined in (39)—(41).

Then, for every T € {0,..., T}, p € P(S) with finite first moment, and v € P(Z),

o T—1
0< JE™ (4, v) — IO (u,v) < > [6r + Lry1 Dy + 26, + 2Ly 116]] . (45)

r=T7

When the transport and action minima are attained measurably, we can take 0,. = 0 for every r.
In this case, at the initial population iy, the bound becomes

T-1 T-1
Cvﬂ'soe = =
Jo " (o, v) — J§ (fi0,v) < Y Lyt Dr +2>  (8r + Lygael) . (46)
r=0 r=0

Proof. We use the decoupled transport cost as a common reference. First, we bound from above the
cost incurred by the separation-based policy in the coupled model. Second, we bound the coupled
optimal value from below using the same reference. Finally, we subtract the second estimate from
the first to obtain the claimed performance bound. Both estimates are proved backward in time. At
7 = T, the policy value, the coupled optimum, and &[] all equal the common terminal cost in (28),
so both inductions have the same base case. Explicitly, for every (u, v),

IET (1,0) = JE (1,v) = KGR) (0.v) = Klgr] (1, v).

Since the sums in (47) and (48) are empty at 7 = T, these equalities directly prove both base cases.

In both inductions that follow, we use the monotonicity and constant-shift properties of the Bellman
operators (Lemma D.2). Indeed, the lemma is stated for TTD = 7T, and since its proof uses only the
structure of the definition, it also applies verbatim to 7. and to the fixed-policy operators 7.

Step 1: Upper bound for the separation-based policy. We first show that the policy cost in the
coupled model is at most the decoupled transport cost plus the near-optimality and model-mismatch
errors. More precisely, for every (u, v),

T-1
Ol .
T (o v) < KRN v) + Y (05 4 6r + Logael) - (47)

Assume, by backward induction, that (47) holds at time 7 + 1 for every population. The induction
hypothesis says that, from any such population, the cost of following the separation-based policy is at
most the corresponding decoupled transport cost plus the errors accumulated from times 7 + 1 to
T-1.
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71—9
Now fix (u, v) and apply the induction hypothesis at the realized next population /,LTerfe”‘T (”). We

obtain

Cml, ep, (1) Comlep [ Colep - (1)
J"’ p(:uv V) = EWT |:/ gg(sv a, i, ’U))dp-,— . (S’ a, U}) + J‘r+1 ! ur—i—l " 14
SXAXW

70 o (1) ) Com e (1)
<E,, [/ 9% (s, a, p, w)dpr ™™ (s, a,w) + K[ (g7 w]
SxXAXW
T—1 )
£ (040t L)
r=1+1
Con® T—1
=T [KPal] (mv) + > (6r+ 0, + Lysacl)
r=71+1
D T-1
< T (KGN (,v) + 6 + Lesagl + > (00 + 6, + Lyjael)
r=1t+1
T—1
< K[iP1(p, v) + Z (0, + 0y + Lysael) .

The second inequality is (35) in Lemma E.4, which costs 6, + L, 1/, while the last inequality is
(42) in Lemma E.5, which contributes 6. After adding these current errors to the errors from later
times, we obtain (47) at time 7 and prove the upper bound.

Step 2: Lower bound for the coupled optimum. We now compare the coupled optimal value with
the same decoupled transport cost. Here the transport cost provides a lower bound after we subtract
the separation and model-mismatch errors:

T—1
JE (1, v) = K[iPYp,v) = Y [LegaDr + 6, + Lejael] . (48)

r=T

Now fix (u, v). Since the induction hypothesis is a pointwise lower bound on J¢ "1, applying it inside
T and using Lemma D.2 gives

IS (nov) = TE[IE0] (1, v)

T-1
> 7:'C [K[]?—&-IH (/J'a V) - Z [LT-HDT + 6, + L7'+1€Z]
r=1+1
T-1
> 7:-D [K[]P+1]] (s v) =67 — LT+15£ - Z [LTJrlDr + 4 + Lr+15ﬂ
r=71+1
T-1
2 K:[]P](Ma V) - Z [LT+1DT + 67‘ + Lr+157q .

Here, the second inequality is (34) in Lemma E.4, which contributes §, + LT+15{. Rearranging (44)
gives

7:-D [’C[JTD—HH (Na V) > ICUP](M’ V) - LT+1D7'7
which is the last inequality in the display. This proves (48) at time 7.

Step 3: Combine the two bounds. Subtracting the obtained lower bound (48) from the upper
bound (47) cancels the common decoupled transport cost and gives

T-1 T-1
JTc,ﬂfep(m v) —JC (u,v) < (6r + v + Lygael) + Y (Lra Dy + 6 + Lyjae))

T-1
- Z [0 + Ly 41Dy + 25, + 2L, 41€f] .
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That corresponds exactly to the upper bound in (45). To conclude the proof, it is enough to note that
the zero lower bound is immediate because 7%, is admissible in the coupled model and J€ is the
infimum of the costs over all admissible policies there. Finally, if exact minimizers can be selected
measurably, setting 7 = 0, 4 = fig, and 8, = 0 gives (46). O

Interpretation. The three terms in the bound correspond to the three comparisons used in the proof.
The tolerance 6, comes from the near-optimal target plan and action used to define the separation-
based policy in (39)—(41). The term L, 1D, is already present in Lemma D.3 for the decoupled
problem and bounds the difference between assigning targets before the noise is observed and
optimizing the population Bellman step after the resulting population is known. Finally, 8, + L,y
is the cost of replacing one coupled Bellman step by its decoupled counterpart, as bounded in
Lemma E.4. This last term appears twice because the proof makes that replacement once for the
deployed policy and once for the coupled optimal value.

Bounding the model mismatch. Note that Assumption E.1 only quantifies the model mismatch in
terms of the abstract mismatch 7. To use the theorem in a concrete model, it is often more convenient
to relate the quantity to the strength of the population interaction. This is the case, for example, when
the coupled dynamics are Lipschitz in the population distribution:

ds(ff(s,a7u,w),f§(s,aj],w)) < LTWl(M;ﬁ)a (49)

uniformly in (s, a,w). In this case, indeed, the constant ¢ measures how strongly the population
affects the dynamics. If, in addition, the decoupled surrogate is obtained by freezing that population
argument at a reference profile p°':

P (s,a,w) = 7 (s, a, 5" w),

and it holds that W7 (u, Mﬁef) < R, at every population where the two models are compared, then we
can apply (49) with i = pr*f. By the definition of £7, this allows us to bound the general model
mismatch in Assumption E.1 by the more informative gf < 1> R.. Under this class of models, (46)

becomes

T-1 T-1
C77rgcp — —
JO » (MOvV) - J()C(M()ay) < Z LTJrlDT +2 Z (57 + LTJrlLTRT) .
7=0 7=0

If, in addition, the stage costs coincide, so that §, = 0, then

T—1 T—1

Cimley _

Jo " (fio,v) = IS (o, v) €D LesiDr 42 Lejatr Ry (50)
7=0 7=0

The second sum in (50) corresponds to the additional error due to weak coupling: it grows linearly in
¢t and vanishes when the dynamics stop depending on the population, in which case (50) reduces to
the bound of Theorem D .4.

F Additional numerical results

This appendix provides the implementation details and complementary results for the experiments in
Section 5. We first describe the grid-world experiments and report the additional performance metrics
used in our evaluation (Appendix F.1). We then give the details of the scalability study (Appendix F.2)
and examine how the origin—destination pairs covered during training affect transfer across population
sizes (Appendix F.3). Finally, we describe the Manhattan road network (Appendix F.4) and report the
computational resources used in the experiments.

F.1 Additional details for the grid-world experiments in Section 5.1
Environment. We use an 11 x 30 grid with horizon 77 = 100 and N = 7 agents. At

the beginning of each episode, the agents are placed uniformly at random in the first column,
while the N targets are sampled uniformly from the last ten columns. The action space is
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A = {up, down, left, right, stay}. Ateach time step, the selected action is executed with proba-
bility 1 — p and is replaced uniformly by one of the other four actions with probability p. We consider
p € {0,0.1,0.25} under the individual, local, and global noise models defined in Appendix A.
Specifically, under individual noise, each agent receives an independent noise draw, under local
noise, agents with the same state-action pair share the same draw, while under global noise, the entire
population shares one draw. We finally clip the resulting positions of the agents to make them remain
in the grid after each transition.

An agent becomes inactive after reaching a relevant target and enters an absorbing state. In the case
of a MARL agent, a relevant target for an agent is any previously unoccupied target, in the case of
SALT, instead, each agent is assigned a target z before the rollout, and the agent becomes inactive
when it reaches that specific target. This allows us to treat each agent’s trajectory as independent once
the assignment is fixed. Indeed, the routing transition and the policy input are single-agent, whereas
the only population-level coupling comes from the assignment. Once an agent becomes inactive, it
incurs no further stage cost, ignores all subsequent actions and perturbations, and remains fixed until
the end of the episode.

Reward structure. An active agent incurs a stage cost of 1 on every transition that does not reach a
target. At the horizon, the MARL training objective also includes the empirical optimal transport cost
K[e](ur, v), where c is the Manhattan distance. In the target-conditioned single-agent problems used
by SALT, the corresponding terminal penalty is the Manhattan distance from the agent to its assigned
target. At evaluation, we report travel time, reach rate, and empirical terminal optimal transport cost
separately.

Baselines. We compare SALT with MAPPO, IPPO, HAPPO, VDN, QMIX, and MFQ. All baselines
use the same episode budget and training seeds. All neural policies have two hidden layers with 64
units and tanh activations. The separation-based neural methods are trained as goal-conditioned
single-agent controllers. For SALT-PPO, SALT-A2C, and SALT-DDQN, the policy receives the
nput

( rooc T, t ||s—z|1>

TT 0 Yxir 0 1T 0 s o 40 1, s |

H' W,” H' W," T—1'H,+ W,

where s = (r, ) is the current agent position, z = (r,, ¢, ) is its assigned target, ¢ is the time step, and
H, =10 and W, = 29 are the maximum row and column indices. The separation policy therefore

selects an action without observing the full population. Coordination between agents occurs only
through the optimal transport assignment that selects z.

MAPPO, IPPO, HAPPO, QMIX, VDN, and MFQ instead receive target-relative local observations.
For agent ¢, this observation has dimension 5 + 3N:

T C; ) t AT’ﬂ ACil AT’Z'N ACiN

Tr 0 Yr17r 0 ) , A, ) ablv"'v ) 7bN .

Hy Wyg° N-1"T-1 H, W, H, Wy

Here a; indicates whether agent i is active, Ar;; = T, —1; and Acij = cz; — ¢; are the coordinates
of target j relative to agent ¢, and b; indicates whether target j remains unoccupied. Thus, each
agent observes the target set as an ordered list of relative offsets and availability flags. MAPPO
also uses a centralized critic state of dimension 6N + 1. This state contains all normalized agent
positions, all active-agent flags, the time step, all normalized target positions, and all target-availability
flags. HAPPO uses the same centralized critic state, but has one non-shared actor per agent and
updates the actors sequentially. QMIX passes the global state to its monotone mixing network, whose
embedding dimension is 32. IPPO uses a local critic, VDN uses additive value decomposition, and
MFQ augments each agent’s action value with the global mean action distribution of the currently
active agents. All neural methods are optimized with Adam [48].

Training and evaluation. For each algorithm, noise model, and noise probability, we train five
policies using seeds 0—4 and evaluate each policy on 50 rollout instances. Within a given condition,
evaluation seed s € {0,...,49} fixes the starts, targets, and initial state of the transition-noise
generator for every algorithm.

For each metric, we pool the 50 outcomes from each training seed, and report the arithmetic mean
of the resulting 250 outcomes in the heatmaps in Figures 2, 5, and 6. We then summarize all the
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results and include the corresponding confidence intervals in Figure 7. In particular, the reach-rate
bars in Figure 7 show the pooled means together with two-sided 95% confidence intervals, while the
terminal-cost and travel-time boxplots show the median and interquartile range (from the boxes), and
observed minimum and maximum of the pooled outcomes (from the whiskers).

Hyperparameters. Tables 2, 3, and 4 report all hyperparameters used in the grid-world experiments.

Table 2: Shared grid-world training budget and evaluation settings for Section 5.1.

Quantity Value

Grid / horizon 11 x 30, T = 100

Agents / targets N=T7

Training seeds 0—4 (5 independent runs)
Evaluation instances 50 per training seed, 250 pooled
Noise probabilities 0,0.1,0.25

Noise modes individual, local, global
Training episodes 320,000

Environment interactions 320,000 x 7 x 100 = 2.24 x 10® per run
Batch episodes 64

Update batches for neural methods 5,000

Step cost 1

Goal bonus 0

Evaluation target region columns 20-29

Evaluation rematching for SALT every time step

Table 3: Hyperparameters used for SALT in Section 5.1.

Hyperparameter SALT-Q SALT-DDQN SALT-PPO SALT-A2C
Discount y 0.98 0.98 0.98 0.98

—4 -4
Learning rate 0.25 — 0.02 3x 10 A S
Learning-rate decay 20,000 episodes - - -
Hidden size - 64 64 64
GAE \ - - 0.95 0.95
PPO clip / epochs - - 0.2/4 -
Entropy coefficient - - 0.01 0.01
Maximum gradient norm - 0.5 0.5 0.5
e-exploration 0.5 — 0.05 0.5 — 0.05 0.5 —0.05 0.5 —0.05
e-decay 160,000 episodes  1.12 x 10% interactions  1.12 x 10® interactions  1.12 x 10® interactions
Replay capacity - 500,000 - -
Replay warmup / minibatch - 5,000/ 256 - -
Learner steps per batch - 64 - -
Target update period - 500 learner steps - -

For SALT-PPO and SALT-A2C, the € schedule in Table 3 controls random exploration of the target
assignment, while action exploration is induced by the stochastic actor. SALT-Q and SALT-DDQN
use the same schedule for random assignments and e-greedy action exploration.

Additional performance metrics. In addition to average travel time, we report two further metrics.
Figure 5 reports the empirical optimal transport cost between the final agent positions and the targets,
that is, the minimum average Manhattan distance obtained by matching agents to targets. Figure 6
reports the fraction of agents that reach a target before the horizon. More precisely, let

MT:NZ(SsiTv v :Nzlézj-
j=

i=1

With this notation, the empirical terminal optimal transport cost is

N
: 1 @ o(i
Kld)(p7,v™) = min < ;_ld(sT,z “),
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Table 4: Hyperparameters used for MARL baselines in Section 5.1.

Hyperparameter MAPPO IPPO HAPPO QMIX VDN MFQ
Discount 7y 0.98 0.98 0.98 0.98 0.98 0.98

- actor 3 x 10~* actor3 x 10~* actor 3 x 10~ P 4 p 4 p 4
Learning rate oriic 1073 critic 107% critic 103 310 310 310
Hidden size 64 64 64 64 64 64
GAE A 0.95 0.95 0.95 - - -
PPO clip / epochs 02/4 0.2/4 02/4 - - -
Entropy coefficient 0.01 — 0.001 0.01 — 0.001 0.01 — 0.001 - - -
Maximum gradient norm 0.5 0.5 0.5 0.5 0.5 0.5
Actor minibatch 4,096 4,096 4,096 - - -
Critic minibatch 1,024 4,096 1,024 - - -
Replay capacity - - - 100,000 100,000 100,000
Minimum replay size - - - 2,048 2,048 2,048
Replay batch size - - - 512 512 512
Updates per batch - - - 8 8 8
Target update period - - - 50 batches 50 batches 50 batches
Exploration - - - £055005 055005 3700
Exploration decay - - - 160,000 episodes 160,000 episodes 320,000 episodes

Individual noise

Local noise

Global noise

SALT-Q
SALT-DDQN
SALT-PPO
SALT-A2C
MAPPO
IPPO
HAPPO
QMIX 20.39
VDN 24.76 21.99 2241 24.76 23.59 25.65 24.76 23.36
MFQ 2250  23.10 19.01 2250 2314 | 19.22 2250 2449 2423
0 0.10 0.25 0 0.10 0.25 0 0.10 0.25
Noise probability Noise probability Noise probability

Figure 5: Terminal optimal transport cost as a function of the noise probability p. Each cell shows the
pooled arithmetic mean under the training and evaluation protocol described above. Figure 7 shows
the corresponding distributions. Brighter cells indicate higher cost.

where Sy is the set of permutations of {1,..., N}, sk is the final position of agent 7, 27 is target
J, d(-,-) is the Manhattan distance, and o assigns agents to targets. This cost is zero exactly when
every target is occupied and, unlike the reach rate, it also distinguishes near misses from terminal
configurations that remain far from the target set.

The three metrics complement each other in describing performance and should therefore be read
together. Average travel time tells us how long the agents travel, but an unsuccessful trajectory may
have the same travel time as a slow but successful one. The reach rate tells us how many agents
actually reach a target, but treats all unsuccessful agents in the same way. The terminal optimal
transport cost adds the remaining information by distinguishing final configurations that are close to
full target coverage from those that remain far from it. Figure 7 reports the three metrics together,
to interpret it recall that higher values indicate better performance for the reach rate, while lower
values indicate better performance for terminal optimal transport cost and average travel time. We
can observe that across all three metrics, the SALT variants achieve higher reach rates, lower terminal
costs, and shorter travel times than the MARL baselines.

F.2 Additional details for the scalability experiment

We next study how the number of environment interactions required for training changes with the
population size. For this experiment, we use square grids and individual noise with probability
p = 0.1, as in the main grid-world comparison. Each agent starts from an independently sampled
row of the first column, while the targets are sampled independently and uniformly over the full grid.

To avoid confounding population size with target density, we scale the grid area approximately in
proportion to N, the resulting grid sizes are reported in Table 5. We select PPO as the single-agent
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Individual noise Local noise Global noise
SALT-Q ! 99.9 99.9

SALT-DDQN 8
SALT-PPO

SALT-A2C
MAPPO
IPPO
HAPPO
QMIX
VDN

MFQ

0 0.10 0.25 0 0.10 0.25 0 0.10 0.25
Noise probability Noise probability Noise probability
Figure 6: Reach rate as a function of the noise probability p. Each cell shows the pooled arithmetic
mean under the training and evaluation protocol described above. Figure 7 reports the corresponding
95% confidence intervals. Darker cells indicate higher reach rate.
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Figure 7: Reach rate, terminal optimal transport cost, and average travel time under the evaluation
protocol described above. Reach-rate bars show pooled means and two-sided 95% crossed two-way
bootstrap confidence intervals. The remaining panels show the pooled outcome distributions. Boxes
span the interquartile range, center lines are medians, and whiskers show the observed minimum and
maximum.

learner in SALT and compare the resulting method with MAPPO. The hyperparameters are the same
as in Tables 3 and 4. For each population size in table 5, we choose the maximum number of batches
so that the per-agent-transition budget is approximately 2 x 10°. We record a reach-rate milestone at
the first of 10 consecutive batches whose 64-episode reach rate meets the stated threshold in Figure 3.

F.3 Origin—destination coverage under population-size transfer

The assignment cost used by SALT is learned from target-conditioned trajectories. Consequently,
an origin—destination (OD) pair selected only a few times during training may therefore have a less
accurate cost-to-go estimate than a pair selected more often, and this can affect performance at
evaluation especially when the population size differs from the one used during training. Indeed, as
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Table 5: Population sizes and grid sizes used in the scalability experiment.

Agents N 2 4 6 8 16 32 64 128
Grid dimensions 10x10 14x14 17x17 20x20 28 x28 40x40 57 x57 80 x 80
Horizon 20 28 34 40 56 80 114 160

Maximum planned batches 781,250 279,018 153,186 97,656 34,877 12,207 4,283 1,526

training progresses, a larger population gives the assignment layer more opportunities to select low-
cost matchings, whereas some OD pairs may then be selected less often and become underrepresented
in the training data. With fewer agents, however, we have a limited number of available matchings,
and some unfavorable assignments cannot be avoided. As a result, the OD pairs encountered at
evaluation may differ from those for which the assignment cost was learned accurately.

Here, we examine this effect. To do so, we use a grid world in which the start and target distributions
are known and remain the same during training and evaluation, and keep track of the visitation
frequency of each OD pair during training.

Setup. We use a 30 x 30 grid with horizon 7" = 100, unit stage cost, individual action noise with
probability p = 0.1, and uniform start and target distributions over the full grid. We compare training
with N = 20 and N = 5 and evaluate the performance across fleets of N € {1, 5, 10,20, 50} agents.
Table 6 reports the training settings for the two population sizes.

Table 6: Training settings for the origin—destination coverage experiment.

Quantity N =20 N=5
Training seeds 04 04
Nominal interaction budget 2 x 10 agent steps 2 x 107 agent steps
Assignment observations 20,000,000 20,000,000
Population episodes 1,000,000 4,000,000
Learning rate 0.25 — 0.05 0.25 — 0.05
Learning-rate decay 800,000 episodes 3,200,000 episodes
Action exploration 0.5 — 0.05 0.5 — 0.05
Action-exploration decay 500,000 episodes 2,000,000 episodes
Assignment exploration €y,atch 0.5—>0 0.5—0

Assignment-exploration decay 800,000 episodes 3,200,000 episodes

Since an episode produces four times as many assignment observations when N = 20 as when
N =5, the decay periods for N = 5 are four times longer. The schedules are therefore the same
when measured in assignment observations.

At the beginning of each training episode, we use the epsilon-greedy assignment strategy described
in the main paper: the agent—target matching is random with probability €patch, €lse it minimizes
the current Q-based assignment cost using the Hungarian algorithm. To measure the coverage of the
training data, we record how often each OD pair is selected:

v(s,z) = #{training episodes in which an agent starting at s is assigned to z}.

Although the learned matching concentrates on lower-cost pairs, assignment exploration mitigates
this and gives nonzero support to at least 809,801 of the 810,000 possible OD pairs. The grid-world
Q-table is initialized at zero.

For each trained Q-table, we evaluate fleets of N € {1, 5,10, 20,50} agents for 5,000 episodes.
During evaluation, we compute the initial Hungarian assignment from the learned Q-table and keep it
fixed for the entire rollout, so to better relate training coverage to evaluation performance.

When classifying coverage, we exclude the trivial pairs for which s = 2z and group every remaining
pair (s, z) according to the number of times it was selected during training: v(s,z) < 5,6 <
v(s,z) <20, o0rv(s,z) > 20. In Figures 8c—d, the horizontal coordinate is the fraction of nontrivial
assignments in an episode that satisfy v (s, z) < 20. We divide this fraction into the bins 0%, (0, 20%),
(20, 40%], (40,60%)], (60,80%], and (80, 100%)] and a bin is shown only if each of the five training
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(a) Training exposure by fleet size (b) Mean completion (episode P5-P95 shaded)
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Figure 8: OD-pair coverage and population-size transfer after training SALT-Q with N = 20 or
N = 5 agents at the same nominal interaction budget. (a) Share of nontrivial evaluation assignments
grouped by training count; within each evaluation fleet, the left and right bars correspond to training
with N = 5 and N = 20. (b) Overall per-agent completion; lines show pooled episode means and
shaded regions the episode-level fifth—ninety-fifth percentiles. (c—d) Per-agent completion conditioned
on the fraction of assignments satisfying v(s, z) < 20, shown separately for the two training fleets.
Points are means and error bars span the minimum and maximum over five training seeds. The z
coordinate is the mean realized fraction within each bin.

seeds contributes at least 20 evaluation episodes. In this case completion corresponds to the fraction
of agents that reach their assigned target by the horizon.

Results. Figure 8a reports the percentage of evaluation OD pairs in each of the three training-
count ranges described above. For both training fleets, the shares satisfying v(s,z) < 5 and
6 < v(s, z) < 20 decrease as the evaluation fleet grows. We can see that, with the same interaction
budget, training with NV = 5 agents gives broader coverage with respect to training with N = 20
agents. For example, for an evaluation fleet of size N = 1, the share satisfying v(s, z) > 20 increases
from 21.3% after training with N = 20 to 39.7% after training with N = 5. At the same time, the
share satisfying v(s, z) < 5 decreases from 11.1% to 0.9%.

Figure 8b shows how this difference in coverage impacts the completion rate. Training with N = 20
leads to completion rates that increase from 59.6% for an evaluation fleet of size N = 1 to 96.9%
for N = 50. Training with N = 5 raises these values to 74.5% and 98.4%, respectively, and also
improves completion at every intermediate fleet size. The shaded areas show the episode-level
fifth—ninety-fifth percentiles after pooling the evaluation episodes from all five training seeds.
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Figures 8c—d examine the relation more directly by plotting completion against the fraction of
evaluation assignments satisfying v(s, z) < 20. For each fleet size and under both training regimes,
completion decreases as this fraction increases. For an evaluation fleet of size N = 1, the assignment
layer has no alternative target. In this case, in episodes involving an under-covered OD pair, the
agent reaches its target in 48.8% of cases after training with N = 20, compared with 59.6% after
training with N = 5. A similar difference is present for N = 5: when 20% of the assignments
are under-covered, completion increases from 90.7% to 92.7%, while when their mean fraction is
approximately 60%, it increases from 79.0% to 79.7%. The minimum-maximum bars show that
these trends are consistent across the five training seeds.

These results show that the OD-pair coverage obtained during training has an important impact on
the transfer of SALT across fleet sizes. When the evaluation fleet is smaller than the training fleet, the
assignment layer may select pairs that were underrepresented in the training data, leading to worse
performance. At a fixed interaction budget, training with fewer agents improves coverage and reduces
this mismatch. However, it requires proportionally more population episodes and therefore a longer
training time. We believe that adapting the fleet size during training may help balance these two
effects, and point it out as a promising direction for future work.

F.4 Towards a realistic, time-varying urban logistics task

Manhattan environment and dynamics. We model southern Manhattan as a directed road graph
extracted from OpenStreetMap [39], whose data are available under the Open Data Commons Open
Database License (ODbL). We restrict the graph to 38 taxi zones in southern Manhattan, retain
its largest strongly connected component, and remove self-loops. The resulting graph contains
|V| = 2087 nodes and 4255 directed edges. Each node in the graph represents an intersection, while
each directed edge represents an admissible road segment. The nominal edge travel times are simply
computed from the road length and a road-type-dependent speed limit.

To model variable traffic conditions, we include traffic signals and stochastic congestion noise. We
model edge-level traffic signals using a 90-second cycle whose green-phase duration depends on the
road type. Primary roads are green for 50% of the cycle, whereas secondary and residential roads
are green for 30%. The remaining road types (motorway, trunk, tertiary, and unclassified roads) are
treated as always green. Finally, the signal offset of each intersection is randomly initialized. The
impact of traffic signals is that an agent may have to wait at an intersection if it arrives during a red
phase. More precisely, when an agent traverses edge e at time ¢, its realized transition time is the sum
of the travel time and the waiting time determined by the signal phase.

To represent time-varying traffic conditions, we also add stochastic congestion noise. When edge e is
traversed, its travel time is multiplied by

1+ u, u ~ Unif (0, 7. ),

where 1, = 0.1 for primary roads, 7. = 0.15 for secondary roads, and 7, = 0 otherwise. A new
value of u is drawn for every agent-edge traversal. We exclude operationally unrealistic immediate
U-turns from the urban routing task, in both training and evaluation. After a vehicle traverses u — v,
the reverse action v — u is masked whenever v has another admissible successor.

Time discretization and Q-table. The Manhattan simulator evolves in event time, thus, one
decision step corresponds to traversing one outgoing road segment, rather than advancing time by
a fixed one-second increment. The tabular Q-learner instead uses a discrete time coordinate with
resolution At = 1 second. Since all traffic lights follow a 90-second cycle, we record in the time
coordinate of the Q-table the traffic phase instead of unbounded physical time. Thus, the Q-table
contains Tg;sc = 90/At = 90 time slices. At physical time ¢, the corresponding table index is

k(t) = round(t/At) mod Tyisc.
More precisely, we consider a target-conditioned Q-table, whose entries are indexed by the current

node v, the request node z, the traffic-phase index k, and the outgoing action a: Q(v, z, k, a). For the
Manhattan graph, this gives a table of shape

|V x |V| X Tgise X max|out(v)| = 2087 x 2087 x 90 x 4,
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where |out(v)] is the out-degree of node v. Invalid padded actions are masked during both action
selection and Bellman backups.

To keep the transition times consistent with the tabular state space, we round the nominal edge travel
times to the same grid before training. Specifically, if T), , is the continuous travel time of edge (v, a),
the learner uses .

Ty,a = At round(T,, o/ At),

if there is a congestion perturbation u, then Tvya = fv’a(l + u). Once the edge has been traversed,
the simulator computes the traffic-signal waiting time from the arrival phase. For an edge with period
P, 4, offset 0, 4, and green duration g, _q, this phase is

o= (t+ Tv,a + 0y,4) mod P, 4,

and the corresponding waiting time is

07 ¢ <g’U as
an t) = ’
’ ( ) {Pv,a - ¢7 ¢ Z gv,a-

The next physical time is therefore
t'=t+Tya+ Wyal(t),

and to obtain the next Q-table index, we round ¢’ to the discrete grid and reduce it modulo the common
traffic-signal period:
k" = round(t'/At) mod Tyjsc-

The next lookup therefore uses the resulting phase index k’. The reward is based on the same realized
delay T, o + W, 4(t), expressed in minutes.

Task setup. We sample the starting positions from the three fixed depot nodes {587, 1226, 1972},
which have the highest betweenness centrality, while each request is represented by a destination
node z sampled uniformly from the graph. During training, we assign the requests at the beginning of
each population episode, by solving an epsilon-greedy linear assignment problem with the Hungarian
algorithm, and keep the assignment fixed for the entire training episode, as required to learn the target-
conditioned subproblem. At evaluation, instead, the online-assignment SALT policy recomputes
the Hungarian assignment from the agents’ current nodes and traffic phases at every routing step,
and then takes one greedy Q-learning action. Figure 4 compares this policy with a static nominal
shortest-path baseline. The baseline computes a single distance-based Hungarian assignment at ¢t = 0
and follows nominal shortest paths without accounting for the signal phase or congestion.

Learning algorithm. For the Manhattan experiment, we use tabular Q-learning with learning rate
0.1 and discount factor v = 1.0. Action exploration is e-greedy, with € decreasing linearly from 1.0
to 0.01 over 90% of the total training steps. The training budget is 5,000,000 population episodes
with 20 agents. The maximum shortest-path length in the processed graph is 66 edges, thus during
both training and the reported final evaluation, we cap each trajectory at twice this value, or 132 road
traversals. To provide a warm start to the learning algorithm, we initialize the Q-table using nominal
shortest-path travel-time estimates, hence ignoring congestion noise or traffic-signal phases.

Reward. At each step, the stage reward of an active agent is the negative realized delay in minutes:

= _T'u,a + Wv,a(t) )
60
Inactive agents enter an absorbing state and receive zero reward thereafter. If the 132-traversal cap is
reached before the target, the terminal Bellman target also accounts for the remaining distance: it
includes —dsp (v, ) /60, the negative nominal shortest-path travel time from the current node v to
the target z, rather than an arbitrary fixed timeout penalty.

Evaluation and logging. We report results for 8 training seeds (0—7). For each seed and each
fleet size N € {1, 5, 10,20, 100}, we draw 500 evaluation instances, giving 2000 outcomes per fleet
size. Within each evaluation run, SALT-Q and all shortest-path baselines share starts, requests, and
the fixed traffic-signal configuration, while the separate rollouts use independent congestion-noise
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streams. We then report the continuous travel-time improvements over the baseline as 100(7haseline —
TsaLr-0)/ Thaseline per instance. Figures 4 and 9 show medians and interquartile ranges after pooling
outcomes across training seeds. Here, whiskers follow the Tukey 1.5-interquartile-range rule and
outliers remain in the underlying samples but are not represented in the plots.

We evaluate the performance of SALT over three shortest-path baselines differing in the reassignment
frequency they use. Static shortest path computes the optimal transport assignment once at the begin-
ning of the episode and keep the assignment fixed till the end of the episode itself. K -reassignment
shortest path instead recomputes the Hungarian assignment every K routing steps from the vehicles’
current nodes to the still-unserved requests, served requests instead remain locked to the vehicles
that already reached them. Between reassignments, routing follows the same nominal shortest paths
as the static baseline. In Figure 9 we show the performance of 5-reassignment and 10-reassighment
shortest path. As visible, the reassignment improvement is minimal. To measure it directly, define
Gr (N) = 100(Tstatic — Treassign, k) / Tstatic, Where bars denote means over the available continuous-
time outcomes. For N = (5,10, 20, 100), we obtain G5 = (—0.0014, 0.0008, 0.0031, 0.0086)%
and G1p = (—0.0480, —0.0243, —0.0406, —0.0045)%. The marginal differences are extremely
small and probably driven by independent congestion realizations in the different runs. This is partic-
ularly supported by the fact that for NV = 1 reassignment cannot change the matching, and the small
aggregate differences can only be due to different stochastic congestion realizations. Therefore, we
can conclude that periodic target reassignment has essentially no practical improvement to nominal
shortest-path routing in this experiment, and that the substantial advantage in Figure 4 is not an
artifact of comparing online SALT assignment against a static assignment heuristic.

Static SP SP reassignment: K =5 SP reassignment: K = 10

Relative improvement
N
!
|_I_|
HH
W
!
|_I_|
HH
w
o I
|_I_|
HH

0% +5*--q--—"—-------- T -] T -
-20% — .
-40% 4 L 1 1L 1 L
T T T T T T T T T T T T T T T
1 5 10 20 100 1 5 10 20 100 1 5 10 20 100
Number of agents Number of agents Number of agents

Figure 9: Relative travel-time improvement of SALT-Q against nominal shortest-path routing with
a static assignment (left), reassignment every five routing steps (center), or reassignment every ten
routing steps (right). The evaluation samples and boxplot conventions match Figure 4.

F.5 Compute resources

We ran all reported experiments on the Clariden supercomputer at the Swiss National Supercomputing
Centre (CSCS). Each Clariden compute node contains four NVIDIA GH200 modules, each with a
72-core Grace CPU and 96 GB of HBM3 memory. An independent rank requested one GH200 and
72 CPU cores.

For the grid-world experiments, we used PyTorch [49] with CUDA [50] and assigned one independent
rank to each module. Within a grid-world condition, the recorded training times summed across
methods range from 3.9 to 4.9 hours, with a mean of 4.2 hours, and the 50 final rollouts per method
were generated in the same jobs and required little additional time relative to training. The eight-
condition scalability sweep used the same allocation and at most 96 additional active GPU-hours
under the 12-hour job limit.

For the Manhattan experiments, we used JAX [51] with CUDA and the same one-GH200, 72-core
allocation for each training seed. We ran four training seeds on each node. Training one policy for
5,000,000 episodes required approximately 77.5 active GPU-hours.
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